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1 Introduction 

The purpose of this article is to establish algebraicity criteria for formal germs 
of curves in algebraic varieties over number fields and to apply them to derive a 
rationality criterion for formal germs of functions, which extends the classical 
rationality theorems of Borel-Dwork ([6], [22]) and Polya-Bertrandias ([43], [1, 
Chapter 5]; see also [16]), valid over the projective line, to arbitrary algebraic 
curves over a number field. 

Our algebraicity criteria improve on the ones in [12] and [13], which them- 
selves were inspired by the papers [19] and [20] of D. V. and G. V. Chudnovsky 
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and by the subsequent works by Andre [2] and Graftieaux [26, 27]. As in [12] 
and [13], our results will be proved by means of a geometric version of "tran- 
scendence techniques" , which avoids the traditional constructions of "auxiliary 
polynomials" and the explicit use of Siegel's Lemma, replacing them by a few 
basic concepts of Arakelov geometry. In the proofs, our main objects of in- 
terest will be some evaluation maps, defined on the spaces of global sections 
of powers of an ample line bundle on a projective variety by restricting these 
sections to formal subschcmcs or to subschcmcs of finite lengths. Arakelov ge- 
ometry enters through the estimates satisfied by the heights of the evaluation 
maps, and the slopes and Arakelov degrees of the hermitian vector bundles 
defined by spaces of sections (see [17] and [14] for more details and references 
on this approach). 

Our main motivation in investigating the algebraicity and rationality crite- 
ria presented in this article has been the desire to obtain theorems respecting 
the classical principle of number theory that "all places of number fields should 
appear on an equal footing" — which actually is not the case in "classical" 
Arakelov geometry and in its applications in [12]. A closely related aim has 
been to establish arithmetic theorems whose geometric counterparts (obtained 
through the analogy between number fields and function fields) have simple 
formulations and proofs. These concerns led us to two technical developments 
in this paper: the use of (rigid) analytic geometry over p-adic fields to define 
and estimate local invariants of formal curves over number fields^, and the 
derivation of a rationality criterion from an algebraicity criterion by means of 
the Hodge index theorem on (algebraic or arithmetic) surfaces. 

Let us describe the content of this article in more details. 

In Section 2, we discuss geometric analogues of our arithmetic theorems. 
Actually, these are classical results in algebraic geometry, going back to 
Hartshorne [32] and Hironaka-Matsumura [35]. For instance, our algebraic- 
ity result admits as analogue the following fact. Let X be a quasi-projective 
variety over a field k, and let Y be a smooth projective integral curve in X; 
let S he a smooth formal germ of surface through Y (that is, a smooth formal 
subscheme of dimension 2, containing y, of the completion Xy)- If the de- 
gree degy Ny S of the normal bundle toY in S is positive, then S is algebraic. 

Our point is that, transposed to a geometric setting, the arguments leading 
to our algebraicity and rationality criteria in the arithmetic setting which 
rely on the consideration of suitable evaluation maps, and on the Hodge in- 
dex theorem — provide simple proofs of these non-trivial algebro-geometric 
results, in which the geometric punch-line of the arguments appears more 
clearly. 



^Since the first version of this paper was written, the relevance of rigid analytic 
geometry a la Berkovich to develop a non-archimedean potential theory on p-adic 
curves, and consequently a "modern" version of Arakelov geometry of axithmetic sur- 
faces satisfying the above principle of "equality of places" , has been largely demon- 
strated by A. Thuillier in his thesis [51]. 



Analytic curves in algebraic varieties over number fields 



3 



In Section 3, we introduce the notion of A-analytic curve in an algebraic 
variety X over a number field K. By definition, this will be a smooth formal 
curve C through a rational point P in X{K) — that is, a smooth formal 
subscheme of dimension 1 in the completion Xp — which, firstly, is analytic 
at every place of K, finite or infinite. Namely, if v denotes any such place; and 
Ky the corresponding completion of K, the formal curve Ck^ in Xk^ deduced 
from C by the extension of scalars K ^ Ky is the formal curve defined by a 
i^v-analytic curve in X{Ky). Moreover the w-adic radius (in ]0, 1]) of the 
open ball in X{Ky) in which Ck^ "analytically extends" is required to "stay 
close to 1 when v varies", in the sense that the series J^v ^'^S^v^ *o ^e 
convergent. The precise formulation of this condition relies on the notion of 
size of a smooth analytic germ in an algebraic variety over a p-adic field. This 
notion was introduced in [12, §3.1]; we review it in Section 3. A, adding some 
complements. 

With the above notation, if ^ is a model of X over the ring of integers 
of K, and if P extends to an integral point £P in J^{(?k), then a formal curve 
C through P is A-analytic if it is analytic at each archimedean place of K and 
extends to a smooth formal surface %^ in For a general formal curve C 

that is analytic at archimedean places, being an A-analytic germ may be 
seen as a weakened form of the existence of such a smooth extension ^ of C 
along In this way, an A-analytic curve through the point P appears as an 
arithmetic counterpart of the smooth formal surface S along the curve Y in 
the geometric algebraicity criterion above. 

The tools needed to formulate the arithmetic counterpart of the positivity 
condition degy NyS > are developed in Sections 4 and 5. We first show in 
Section 4 how, for any germ of analytic curve C through a rational point P 
in some algebraic variety X over a local field K, one is led to introduce the 
so-called canonical semi-norm 11 • \\"^'% on the ii'-line TpC through the consid- 
eration of the metric properties of the evaluation maps involved in our geomet- 
ric version of the method of auxiliary polynomials. This extends a definition 
introduced in [13] when if = C. In Section 5, we discuss the construction 
of Green functions and capacities on rigid analytic curves over p-adic fields. 
We then extend the comparison of "canonical semi-norms" and "capacitary 
metrics" in [13, §3.4] to the non-archimedean setting. 

In Section 6, we apply these notions to formulate and establish our al- 
gebraicity results. If C is an A-analytic curve through a rational point P 
in an algebraic variety X over some number field K, then the K-line TpC 
may be equipped with a "i<'„-adic semi-norm" for every place v by the above 
construction — namely, the semi-norm lUI'^^" ~ on 

TpCk^^TpC^kK^. 

The so-defined mctrizcd K-\\nc TpC has a well defined Arakelov degree 
in ]— oo,-|-oo], and our main algebraicity criterion asserts that C is algebraic 
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if the Arakelov degree degTpC is positive. Actually, the converse implica- 
tion also holds: when C is algebraic, the canonical semi-norms lUI'^^" ~ all 

vanish, and degTpC = +00. 

Finally, in Section 7, we derive an extension of the classical theorems of 
Borel, Dwork, Polya, and Bertrandias, which gives a criterion for the ra- 
tionality of a formal germ of function (p on some algebraic curve Y over a 
number field. By considering the graph of (p — a formal curve C in the sur- 
face X := Y X — we easily obtain the algebraicity of 93 as a corollary of 
our previous algebraicity criterion. In this way, we are reduced to establish- 
ing a rationality criterion for an algebraic formal germ. Actually, rationality 
results for algebraic functions on the projective line have been investigated 
by Harbater [30], and used by Ihara [36] to study the fundamental group of 
some arithmetic surfaces. Ihara's results have been extended in [11] by using 
Arakelov geometry on arithmetic surfaces. Our rationality argument in Sec- 
tion 7, based on the Hodge index theorem on arithmetic surfaces of Faltings- 
Hriljac, is a variation on the proof of the Lefschetz theorem on arithmetic 
surfaces in loc. cit.. 

It is a pleasure to thank A. Ducros for his helpful advice on rigid analytic 
geometry during the preparation of this article. 

Some of the results below have been presented, in a preliminary form, 
during the "Arithmetic Geometry and Number Theory" conference in honor 
of N. Katz, in Princeton, December 2003, and have been announced in [14]. 

During the preparation of this article, the authors have benefited from the 
support of the Institut universitaire de Prance. 

It would be difficult to acknowledge fairly the multifaceted influences of 
Yuri Ivanovich Manin on our work. We hope that this article will appear 
as a tribute, not only to his multiple contributions to algebraic geometry 
and number theory, but also to his global vision of mathematics, emphasiz- 
ing geometric insights and analogies. The presentation of this vision in his 
25th-Arbeitstagung report New directions in geometry [38] has been, since 
it was written, a source of wonder and inspiration to one of the authors, 
and we allowed ourselves to borrow the terminology "vl-analytic" from the 
"A-geometry" programmatically discussed in [38]. It is an honour for us to 
dedicate this article to Yuri Ivanovich Manin. 



2 Preliminary: the geometric case 

The theorems we want to prove in this paper are analogues in arithmetic 
geometry of classical algebro-geometric results going back — at least in an 
implicit form — to Hartshorne, Hironaka, and Matsumura ([31], [34], [35]). 
Conversely, in this section we give short proofs of algebraic analogues of our 
main arithmetic theorems. 
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Proposition 2.1. Let ^ be a quasi-projective scheme over a field k and let ^ 

he a projective connected suhscheme of dimension I in ^ . Let '£ he a formal 
subscheme of dimension 2 in admitting ^ as a scheme of definition. 
Assume that ^ is (formally) smooth over k, and that ^ has no embedded 
component (of dimension 0), or equivalently, that 3^ defines a Cartier divisor 
in 6" , and let jy he the normal bundle of the immersion i : 1^ , that is, 
the invertihle sheaf b* & on . 

If the divisor [^] on the formal surface ^ is nef and has positive self- 
intcrscction, then the form,a,l surface ^€ is algebraic, namely the Zariski-closure 
of in ^ is an algebraic subvariety of dimension 2. 

Let (i^i)ie/ be the family of irreducible components of and (nj)jg/ 
their multiplicities in J^. Recall that [^] is said to be nef on 'rf when 

:= deg^. ^0 for any i e /, 

and to have positive self-intersection if 

[^].[^] ^i- deg^, > 0, 

or equivalently, when [^] is nef, if one the non-negative integers deg^,. is 
positive. Observe that these conditions are satisfied if jY is ample on 

More general versions of the algebraicity criterion in Proposition 2.1 and 
of its proof below, without restriction on the dimensions of and , can be 
found in [12, §3.3] [5], [13, Theorem 2.5] (see also [17, 18]). Besides it will be 
clear from the proof that, suitably reformulated. Proposition 2.1 still holds 
with the smoothness assumption on omitted; we leave this to the interested 
reader. 

Such algebraicity criteria may also be deduced from the works of Hironaka, 
Matsumura, and Hartshorne on the condition G2 ([34], [35], [31]). We refer the 
reader to the monographs [33] and [3] for extensive discussions and references 
about related results concerning formal functions and projective algebraic 
varieties. 

Note that Proposition 2.1 has consequences for the study of algebraic 
varieties over function fields. Let indeed 5 be a smooth, projective, and geo- 
metrically connected curve over a field k and let K = fc(5). Let f:^-^S 
be a surjective map of fc-schemes and assume that ^ is the image of a section 
of /. Let X = ^K, P = &ad C = €k he the generic fibers of JT, ^, 
and Then P is a ii'-rational point of X and C is a germ of curve in X 
at P. Observe that is algebraic if and only if C is algebraic. Consequently, 
in this situation. Proposition 2.1 appears as an algebraicity criterion for a for- 
mal germ of curves C in X. In particular, it shows that such a smooth formal 
curve C in X is algebraic if it extends to a smooth formal scheme through 
^ in 3K' such that the normal bundle of ^ in'^ has positive degree. 
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Proof (of Proposition 2.1). We may assume that ^ is projective and that ^ 
is Zariski-dcnsc in J^T. We let d = dim^. One has obviously and our 

goal is to prove the equality. 

Let ^(1) be any very ample line bundle on ^ . The method of "auxiliary 
polynomials" , borrowed from transcendence theory, suggests the introduction 
of the "evaluation maps" 

ipD:r{3^,ff{D))^r{€,ff{D)), s^sy, 

for positive integers D. 

Let us denote Ed = r{^, (y{D)), and for any integer i > 0, let i?^ be the 
set of all s e Eb such that fois) = vanishes at order at least i along 
i.e. such that the restriction of ipn{s) toi^ vanishes. Since is Zariski-dense 
in no non-zero section of i^{D) has a restriction to that vanishes at 
infinite order along and we have 

oo 
i=0 

Consequently, 

oo 

i&nkED = ^rank(£;i3/£;i+^). 

i=0 

Moreover, there is a canonical injective map of fc-vector spaces 

E'jj/E^^ ^ r(^, ff{D) ® ^^®*), 

which amounts to taking the ith jet along ^ — that is, the restriction to 
— of a section which vanishes at order at least i. Indeed the quotient 

{^{D) ® ^^i-i^)) I {e{B) + 1)^)) 

over may be identified with Oiji) ® i^^jY^®'^. Observe also that the dimen- 
sion of the range of this injection satisfies an upper bound of the form 

dimr(^, e{p) jV^®^) < c(£) + i), 

valid for any non- negative integers D and i. 

Assume that E^-, ^ and let s G E\) be any nonzero element. By assump- 
tion, fois) vanishes at order i along hence div (Pd{s) — i[£^] is an effective 
divisor on ^ and its intersection number with [^] is nonnegative, for [^] is 
nef. Consequently 

div^D(s) • [^] ^i[^]- [^]. 

Since 

div^o(s) • [^] = deg^i^iD)) = £)deg<j,(^(l)) 
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and [^] • [^] > by the assumption of positive self-intersection, this imphes 
i < aD, where a := deg^ ^(l)/[^].[^]. Consequently E\j is reduced to if 
i > aD. 

Finally, we obtain: 

T&nkED = Y,^^^HEh/E'j^^) = Yl rank(£;i,/i;i+^) < ^ c{D + i). 

i=0 i=0 i=0 

This proves that, when D goes to +00, 

vank Ed « -D^. 

Besides 

rankED = rankr( JT, ^(D)) x D"^, 

by Hilbat-Samucrs theorem. This establishes that the integer d, which is at 

least 2, actually equals 2. □ 

Proposition 2.2. Let f:S'^S be a dominant morphism between two nor- 
mal projective surfaces over a field k. Let D c S and D' c S' be effective 
divisors such that f{D') = D. 

Assume that flo'-D' D is an isomorphism and that f induces an 
isomorphism f : S'jj, Sd between formal completions. If moreover D is nef 
and D ■ D > 0, then f is birational. 

Recall that D is said to be nef if, for any effective divisor E on S the 
(rational) intersection number D ■ E is non-negative. 

Proof. By hypothesis, / is etale in a neighborhood of D' . If deg(/) > 1, one 
can therefore write f* D = D' + D", where D" is a non zero effective Cartier 
divisor on S' which is disjoint from D'. Now, f*D is a nef divisor on S' 
such that f*D ■ f*D = deg(/)D • D > 0. As a classical consequence of the 
Hodge index theorem (see [24], [45], and also [11, Proposition 2.2]) the effective 
divisor f*D is numerically connected, hence connected. This contradicts the 
decomposition f*D = D' U D" . □ 

Proposition 2.3. Let be a smooth projective connected surface over a per- 
fect field k. Let ^ be a smooth projective connected curve in 5^ . If the divisor 
[^] on 5^ is big and nef, then any formal rational function along ^ is defined 
by a (unique) rational function onS^ . In other words, one has an isomorphism 
of fields 

k{y) ^ r(^,Frac^^^). 

Proof. Let be any formal rational function along ^ . We may introduce a 
sequence of blowing-ups of closed points v. 5^' 5^ such that ip' = y*ip has 
no point of indetcrmination and may be seen as a map (of formal fc-schemes) 
i^, ^ Pi, where ^' = u*0». 



8 



Jean-Benoit Bost and Antoine Chambert-Loir 



Let us consider the graph Gup' of tp' in x Pj.. This is a formally 
smooth 2-dimensional formal scheme, admitting the graph of (f'^ge, ■ — > 
as a scheme of definition, and the morphism ip' defines an isomorphism of 
formal schemes 

V-' := (Id,<^): ^ Gr(^'. 

Like the divisor in its inverse image S^' in 5^' is nef and has positive self- 
intersection. Proposition 2.1 therefore implies that Qxip' is algebraic in S^' x 
Pj.. In other words, is an algebraic function. 

To establish its rationality, let us introduce the Zariski closure F of the 
graph of Gr in 5^' x P^, the projections pr^ : F 5^' and prj : F 
and the normalization n: F ^ F oiF. Consider also the Cartier divisor l^'p 
(resp. ^^'^ defined as the inverse image prj (resp. n* ^'p) of in F 
(resp. F). The morphisms n and pr^ define morphism of formal completions: 

The morphism t/j' may be seen a section of p?^ ; by normality of , it admits 
a factorization through n of the form f/;' = n o -0, for some uniquely deter- 
mined morphism of fc-formal schemes S^' Fge'_. This morphism if) is 

a section of pr^ o n. Therefore the (scheme theoretic) image defines a 

(Cartier) divisor in F such that 

(/: S' S,D',D) = (pri on: f ^ ^, ,^') 

satisfy the hypotheses of Proposition 2.2. Consequently the morphism pr^on is 
birational. Therefore, prj^ is birational too and ip' is the restriction of a rational 
function on y", namely prj o pr^^. This implies that ip is the restriction of a 
rational function on J^. The uniqueness of this rational function follows from 
the Zariski density of the formal neighborhood of ^ in J^. □ 

Remark 2.4- In the terminology of Hironaka and Matsumura [35], the last 
proposition asserts that ^ is G3 in y, and has been established by Hironaka 
in [34]. Hartshorne observes in [32, Proposition 4.3, and Remark p. 123] that 
Proposition 2.2 holds more generally under the assumption that D and D' 
are G3 in y and y". Our approach to Propositions 2.2 and 2.3 follows an 
order opposite to the one in [34] and [32] , and actually provides a simple proof 
of [32, Proposition 4.3]. 

3 A-analyticity of formal curves 

3. A Size of smooth formal curves over p-adic fields 

In this Section, we briefiy recall some definitions and results from [12]. 
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Let K be field equipped with some complete ultrametric absolute value 

|.| and assume that its valuation ring i? is a discrete valuation ring. Let also 
K be an algebraic closure of K. We shall still denote |.| the non-archimedean 
absolute value on K that extends the absolute value | . | on K. 

For any positive real number r, we define the norm ||.g||r of a formal power 
series g = J2ie^'^ aiX^ G . . . ,X„]] by the formula 

\\g\\r = sup|a/|rl^l ; 
/ 

it belongs to R+ U {oo}. The power series g such that \\g\\r < oo are precisely 

JV 

those that are convergent and bounded on the open A''-ball of radius r in K . 

The group Gfor.K := Aut(A^Q) of automorphisms of the formal comple- 
tion of A;^ at may be identified with the set of all A^-tuples / = (/i, . . . , /„) 
of power series in K[[Xi, . . .,Xn]] such that /(O) = and Df{0) := (|^(0)) 
belongs to Gh^lK). We consider its following subgroups: 

• the subgroups Gfor consisting of all elements / G Gfor.x such that Df{0) e 
GLjv(-R); 

• the subgroup Gan,/f consisting of those / = (/i, . . . , /at) in Gfor.K such 
that, for each j, fj has a positive radius of convergence; 

• Gan := Gan.K H Gfor; 

• for any positive real number r, the subgroup Gan.r of Gan consisting of 
all A^-tuples / = (/i, . . . , /jv) such that ||/j||r ^ r for each j. This subgroup 
may be identified with the group of all analytic automorphisms, preserving 
the origin, of the open A''-dimensional ball of radius r. 

One has the inclusion Gan,r' C Gan.r for any r' > r > 0, and the equalities 

U Ga„,r = Gan and Gan.l = Aut (A^q). 
r>0 



It is straightforward that a formal subscheme V of A^ ^ is (formally) 
smooth of dimension d iff there exists (p € Gfor,ic such that ip*V is the formal 
subscheme A^ q x {0} of A^ q; when this holds, one can even find such a 
in Gfor- Moreover such a smooth formal subscheme V is K- analytic iff one 
can find as above in Gan,K, or equivalently in Gan- 

Let ^ be a flat quasi-projective i?-scheme, and X = ^ (Xi_r K its generic 
fibre. Let ^ S ^{R) be an i?-point, and let P G X{K) be its restriction 
to Specif. In [12, §3.1.1] we associated to any smooth formal scheme V of 
dimension d in Xp, its size Ss;{V) with respect to the model 3^ of X. It is a 
number in [0, 1] whose definition and basic properties may be summarized in 
the following statement: 
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Theorem 3.1. There is a unique way to attach a number S^{V) in [0, 1] to 
any such data ^,V) so that the following properties hold: 

a) if ^ ^ is an immersion, then /S'^'(y) = S^{V) (invariance under 

immersions); 

b) for any two triples ,V) and , ,V') as above, if there exists 
an R-morphism (p: ^ ^ mapping ^ to , Stale along and 
inducing an isomorphism V ~ V' , then S^'{V') = S^{V) (invariance by 
etale localization); 

c) if ^ = is the affine space over R and ^ = {0, . . . ,0), then /S'^(V') is 

the supremum in [0, 1] of the real numbers r G (0, 1] for which there exists 

f G Gan,r suck that f*V = Aq X {0} (normalization). 

As a straightforward consequence of these properties of the size, we obtain: 

Proposition 3.2. A smooth formal subscheme V in Xp is K -analytic if and 

only if its size Sx iV) is a positive real number. 

Proposition 3.3. Let , and V be as above and assume that there exists 
a smooth formal R-subscheme Y C such that V = 'Vk- Then S'^(y) = 1. 

The remainder of this section is devoted to further properties of the size. 

Proposition 3.4. The size is invariant under isometric extensions of valued 
fields (complete with respect to a discrete valuation). 

Proof. It suffices to check this assertion in the case of a smooth formal sub- 
scheme V through the origin of the afhne space A^. By its very definition, 
the size cannot decrease under extensions of the base field. 

To show that it cannot increase either, let us fix an isomorphism of K- 
formal schemes 

given by N power series G K[[Ti, . . . ,Tci]] such that ^i(O) = ... = 
^n{0) = 0. We then observe that, for any A''-tuple g = {gi, . . . ,gN) of se- 
ries in . . . , Xn]], the following two conditions are equivalent: 

i) g belongs to Gfor.A: and {g~^)*V = Aq x {0}; 

ii) 5i(0) = ••• = .gAr(O) = 0, .gd+i(Ci,...,Cjv) = ••• = fl'jv(Ci, • • • , ■Cjv) = 0, 
and (^(0)) belongs to GLn{K). 

Let K' be a valued field, satisfying the same condition as K, that con- 
tains K and whose absolute value restricts to the given one on K. Let 
R' be its valuation ring. We shall denote GJ^^, G'^^n - '^'an n • • • the analogues 
of Gfor, Gan, Gan.r, • • • defined by replacing the valued field K by K' . Recall 
that there exists an "orthogonal projection" from K' to K, namely a K- 
linear map A: K' ^ K such that |A(a)| ^ \a\ for any a G K' and A(a) = a for 
any a & K; see for instance [28, p. 58, Corollary (2.3)]. 
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Let V' = Vk' be the formal subscheme of A^, deduced from V by the 
extension of scalars K ^ K', and let r be an element in ]0, 5'a« (^^')[- By 
the very definition of the size, there exists some g' = {g'l, . ■ . ,g'j^) in ^ 

such that {g'^^yV = Aq x {0}. Since the tangent space at the origin of V is 
defined over K, by composing g' with a suitable element in GLn{R'), we may 
even find g' such that Dg'{0) belongs to GLm{R)- Then the series gi := Aogi^, 
deduced from the series g[ by applying the linear map A to their coefficients, 
satisfy 5i(0) = 0, (%/aX,)(0) = {dg'JdXj){Q) and ^ |lr7^||,. Therefore 

g := {g\, . . . ,5jv) is an element of Gan,r- Moreover, from the equivalence of 
conditions (i) and (ii) above and its analogue with K' instead of K, we derive 

that g satisfies (.9^^)*^ = A^ x {0}. This shows that Sj^n{V) > r and 

establishes the required inequality Sji^N{V) Sjs^n (V). □ 

The next proposition relates sizes, radii of convergence, and Newton poly- 
gons. 

Proposition 3.5. Let ip G -^^ii-''^]] be a power series such that v?(0) = and 
iy9'(0) e R, and let C he its graph, namely the formal subscheme of Aq defined 

by the equation X2 = 

1 ) The radius of convergence p of (p satisfies 

2) Suppose that p is positive and that </?'(0) is a unit in R. Then 

Sji^2^{C) = min(l,exp Ai), 

where Ai denotes the first slope of the Newton polygon of the power se- 
ries ip{x)/x. 

Recall that, if = ^iT'', under the hypothesis in 2), we have: 

. f l0g|Ci+l| l0g|Ci+i| 

Ai := mf ^ lim mf = log p. 

i>l t i— >+oo t 

Moreover exp Ai is the supremum of the numbers r €]0, p[ such that, for any t 

in K satisfying \t\ < r, we have \(f{t)\ ~ \t\. 

Proof. Let r be a positive real number such that r < 5^.2 (C). By assumption, 
there are power series /i and /2 S ii'[[Xi,X2]] such that / = (/i,/2) belongs 
to Gan,r and such that f*C = A^ x {0}. This last condition implies (actually 
is equivalent to) the identity in i4r[[T]]: 

/2(r,o) = (T,o)). 

Let us write /i(T,0) = Ei^i a.^^N /2(r,0) = Y.i^^biT\ and ^{X) = 
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One has bi = ciOi and ci = i^'(O) belongs to R by hypothesis. Moreover, 

the first column of the matrix Df{0) is {tl) — "^i ( ci ) • Since Df{Q) belongs 
to GL2(-R) and ci to R, this imply that ai is a unit in R. Then, looking 
at the expansion of /i(r, 0) (which satisfies ||/i(r, 0)||r < r), we see that 
|/i(t,0)| \t\ for any t e 7? such that |t| < r. Consequently if g e K[[T]] 
denotes the reciprocal power series of /i(T, 0), then g converges on the open 
disc of radius r and satisfies \g{t)\ = \t\ for any t G K such that \t\ < r. 
The identity in K[[T]] 

V{T) = v{h{9{T),Q)) = h{g{T),Q) 

then shows that the radius of convergence of is at least r. This establishes 1). 

Let us now assume that p is positive and that (p'(0)(= Ci) is a unit of R. 
Then hi = a^Ci also is a unit and similarly, we have |/2(i,0)| = \t\ for any 
t G K such that |t| < r. This implies that \ip{t)\ = \t\ for any such t. This 
shows that cxpAi ^ 5^2^ (6'). 

To complete the proof of 2), observe that the element / of Can defined as 
/(Ti,T2) = (Ti +T2,ip{Ti)) satisfies f*d = x {0} and belongs to Gan.r 
for any r in ]0, min(l, exp Ai)[. □ 

Observe that for any non zero a E R, the series ip{T) = T/{a — T) has 
radius of convergence p = \a\ while the size of its graph C is 1 (observe that 
/(Ti,T2) := (aTi+T2,Ti/(l-ri)) satisfies f*d = a} x {0}). Taking \a\ < 1, 
this shows that the size of the graph of a power scries ip can be larger than 
its radius of convergence when the assumption (p'{0) £ R is omitted. 

As an application of the second assertion in Proposition 3.5, we obtain 
that, when K is a p-adic field, the size of the graph of log(l + x) is equal 
to IpI^/*^**"^). Considering this graph as the graph of the exponential power 
series with axes exchanged, this also follows from the first assertions of Propo- 
sition 3.5 and Proposition 3.6 below. 

Finally, let us indicate that, by analyzing the construction d la Cauchy 
of local solutions of analytic ordinary diff'erential equations, one may estab- 
lish the following lower bounds on the size of a formal curve obtained by 
integrating an algebraic one-dimensional foliation over a p-adic field (c/. [13, 
Proposition 4.1]): 

Proposition 3.6. Assume that K is a field of characteristic 0, and that its 

residue field k has positive characteristic p. Assume also that is smooth 
over R in a neighborhood of 3^. Let ^ C Tof^/n be a rank 1 subbundle and 
let C be the formal integral curve through P of the one- dimensional foliation 
F = ^K- Then 

S:^{C);^\p\'^^P-'l 

If moreover K is absolutely unramified (that is, if the maximal ideal of R 
is pR) and if the one- dimensional subbundle C Ts^^, is closed under p-th 
power, then 
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3.B A-analyticity of formal curves in algebraic varieties over 
number fields 

Let K he a. number field and let R denote its ring of integers. For any maxi- 
mal ideal p of R, let |-|p denote the p-adic absolute value, normalized by the 
condition |7r|p = (#(i?/p))~^ for any uniformizing element tt at p. Let Kp 
and Rp be the p-adic completions of K and R, and Fp := R/p the residue 
field of p. 

In this Section, we consider a quasi-projective algebraic variety X over K, 
a rational point P in X{K), and a smooth formal curve C in Xp. 

It is straightforward that, if N denotes a sufficiently divisible positive 
integer, there exists a model ^ of X, quasi-projective over R[l/N], such 
that P extends to a point ^ in ^{R[l/N]). Then, for any maximal ideal p 
not dividing N, the size S^^^^ (C'iCp) is a well-defined real number in [0, 1]. 

Definition 3.7. We will say that the formal curve C in X is j4-analytic if 
the following conditions are satisfied: 

(i) for any place v of K , the formal curve Ck,, is Kv-analytic; 
(ii) the infinite product Y\p\N ^^Rp i^Kf) converges to a positive real number. 

Condition (ii) asserts precisely that the series with non-negative terms 

ptiV 

is convergent. 

Observe that the above definition does not depend on the choices required 
to formulate it. Indeed, condition (i) does not involve any choice. Moreover, if 
condition (i) holds and if A^' is any positive multiple of N, condition (ii) holds 
for {N, JT, J2) if and only if it holds for {N' , ^r[i/n'1, ^rii/n'])- Moreover, 
for any two such triples (A^i, ^i, ^i) and (A^2, ^2), there is a positive 
integer M, multiple of both Ni and such that the models {^1, 3^\) and 
(^2, ^1) of [X, P) become isomorphic over R[l/M]. This shows that, when (i) 
is satisfied, conditions (ii) for any two triples {N, ^) are indeed equivalent. 

It follows from the properties of the size recalled in Proposition 3.1 that A- 
analyticity is invariant under immersions and compatible to etale localization. 

As a consequence of Proposition 3.2 and 3.3, we also have: 

Proposition 3.8. Let C be a smooth formal curve which is Ky-analytic for 

any place v of K . Assume that C extends to a smooth formal curve ^ 3^ 
over R\\-lN\, for some N ^ 1. Then C is A-analytic. 

Indeed, these conditions imply that the size of C at almost every finite place 
of K is equal to 1, while being positive at every place. 

As observed in substance by Eiscnstcin [23], any algebraic smooth formal 
curve satisfies the hypothesis of Proposition 3.8. Therefore: 
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Corollary 3.9. If the smooth formal curve C is algebraic, then it is A- 
analytic. 

The invariance of size under extensions of valued fields established in 
Proposition 3.4 easily implies that, for any numher fi,eld K' containing K , 
the smooth formal curve C := Ck' in Xx' deduced from C by the extension 
of scalars K '-^ K' is A-analytic iff C is A-analytic. 

Let If e be any formal power series, and let P := (0, </?(0)). From 

the inequality in Proposition 3.5, 1), between the convergence radius of a 
power series and the size of its graph, it follows that the A-analyticity of the 
graph C of ip in A?p implies that the convergence radii of ip at the places v 
of K satisfy the so-called BomMeri's condition 

[|min(l,i?„) > 0, 

V 

or equivalently 

^log+i?-i <+oo. 

V 

However the converse does not hold, as can be seen by considering the power 
series (p{X) = log(l + X), that satisfies that Bombieri's condition (since all 
the Rv equal 1), but is not A-analytic (its p-adic size is and the 

infinite series J2 ^^T logp diverges). 

Let us conclude this section by a brief discussion of the relevance of A- 
analyticity in the arithmetic theory of differential equations (we refer to [12, 
17, 13] for more details). 

Assume that X is smooth over K, that F is sub- vector bundle of rank 
one in the tangent bundle Tx (defined over K), and that C is the formal 
leaf at P of the one-dimensional algebraic foliation on X defined by F. By 
a model of {X,F) over R[l/N], we mean the data of a scheme ^ quasi- 
projective and smooth over Speci?, of a coherent subsheaf ,^ of /r, and 
of an isomorphism X c:^ ^ ® K inducing an isomorphism f ~ ^ ® K. Such 
models clearly exist if N is sufficiently divisible. Let us choose one of them 
( JT, .^). We say that the foliation F satisfies the Grothendieck-Katz condition 
if for almost every maximal ideal p C .R, the subsheaf J^Fp of T^^^ is closed 
under p-th. powers, where p denotes the characteristic of Fp. As atove, this 
condition does not depend on the choice of the model , 

Proposition 3.10. With the above notation, i^F satisfies the Grothendieck- 
Katz condition, then its formal integral curve C through any rational point P 

in X{K) is A-analytic. 

Proof. It follows from Cauchy's theory of analytic ordinary differential equa- 
tions over local fields that the formal curve C is K^-analytic for any place v 
of K. 
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After possibly increasing N, we may assume that P extends to a section ^ 

in ^(i?[l/iV]). For any maximal ideal p C R that is unramified over a prime 
number p, and such that is closed under p-th power, Proposition 3.6 

show that the p-adic size of d is at least When F satisfies the 

Grothendieck-Katz condition, this inequality holds for almost all maximal 
ideals of R. Since the series over primes p{p-i) ^'^SP converges, this implies 

the convergence of the series J2p\N ^^S ^^r^ i^Kf)~^ and consequently the A- 
analyticity of C. □ 



4 Analytic curves in algebraic varieties over local fields 
and canonical semi- norms 

4. A Consistent sequences of norms 

Let K he a, local field, X a projective scheme over K, and L a line bundle 
over X. 

We may consider the following natural constructions of sequences of norms 
on the spaces of sections r{X, L*^"): 

1) When K = C and X is reduced, we may choose an arbitrary continuous 
norm ||.||^ on the C-analytic line bundle Lan defined by L on the compact 
and reduced complex analytic space X{C). Then, for any integer n, the 
space of algebraic regular sections r{X,L^") may be identified with a 
subspace of the space of continuous sections of L®„" over X{C). It may 
therefore be equipped with the restriction of the L°°-norm, defined by: 

||s||loc„:= sup ||s(x)||^«„ for any sGr(X,L®"), (4.1) 
xex{C) 

where |1.|1^»„ denotes the continuous norm on Lf^ deduced from by 
taking the n-th tensor power. 

This construction admits a variant where, instead of the sup-norms (4.1), 
one considers the L^-norms defined by using some "Lebesgue measure" 
(c/. [12, 4.1.3], and [46, Theoreme 3.10]). 

2) When K = Ii and X is reduced, we may choose a continuous norm on Lc 

that is invariant under complex conjugation. The previous constructions 
define complex norms on the complex vector spaces 

r{x, L®") ®R c ^ r{Xc, ig") 

which are invariant under complex conjugation, and by restriction, real 
norms on the real vector spaces r{X, L®"). 

3) When K is a p-adic field, with ring of integers ^, we may choose a pair 
(^,^), where ^ is a projective flat model of X over i^, and ^ a 
line bundle over ^ extending L. Then, for any integer n, the ^-module 
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r'(<^,^®") is free of finite rank and may be identified with an ^-lattice 

in the i^T- vector space r{X, L^"), and consequently defines a norm on 
the latter — namely, the norm ||-||^ such that a section s G r{X,L^^) 
satisfies ||s|l„ < 1 iff s extends to a section of over ^ . 
4) A variant of Construction (1) can be used when X is a p-adic field and 
X is reduced. Let ||-|| be a metric on L (see Appendix A for basic defi- 
nitions concerning metrics in the p-adic setting). For any integer n, the 
space r{X, L®") admits a L°°-norm, defined for any s e r{X, L®") by 
||s||L~,n:=sup2,g^(f;)||s(a;)||, where C denotes the completion of an alge- 
braic closure of K. When the metric of L is defined by a model J5f of L on 
a normal projective model ^ of X on R, then this norm coincides with 
that defined by construction (3) (see, e.g., [48, Proposition 1.2]). 

For any given K, X, and L as above, we shall say that two sequences 
(IMI„)neN and (||.||^)neN of norms on the finite dimensional -ftT-vector spaces 
{r{X, L®"))„eN are equivalent when, for some positive constant C and any 
positive integer n. 

One easily checks that, for any given K, X and L, the above con- 
structions provide sequences of norms (||-||„)nGN on the sequence of spaces 
(-r(X, I/®"))„gN that are all equivalent. In particular, their equivalence class 
does not depend on the auxiliary data (models, norms on L, . . . ) involved. 
(For the comparison of the and L°° norms in the archimedean case, see 
notably [46, Theoreme 3.10].) 

A sequence of norms on the spaces r{X, L*^") that is equivalent to one 
(or, equivalently, to any) of the sequences thus constructed will be called 
consistent. This notion immediately extends to sequences (||.||„)n^no of norms 
on the spaces r{X, L®"), defined only for n large enough. 

When the line bundle L is ample, consistent sequences of norms are also 
provided by additional constructions. Indeed we have: 

Proposition 4.2. Let K be a local field, X a projective scheme over K , and 
L an ample line bundle over X. Let moreover Y be a closed subscheme of X , 
and assume X and Y reduced when K is archimedean. 

For any consistent sequence of norm,s (||.||„)neN on {r{X,L®^))ne'!Si, the 
quotient norms (||.||^)n^no on the spaces (/^(F, Lj|r'))„j,„g, deduced from the 
norms hy means of the restriction maps r{X,L^^) — > FiY^LyP) — 
which are surjective for no large enough since L is ample — constitute a 
consistent sequence. 

When K is archimedean, this is proved in [13, Appendix], by introducing 
a positive metric on i, as a consequence of Grauert's finiteness theorem for 
pseudo-convex domains applied to the unit disk bundle of (see also [46]). 

When iiT is a p-adic field with ring of integers i^. Proposition 4.2 follows 
from the basic properties of ample line bundles over projective ^-schemes. 
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Let indeed =^ be a projective flat model of X over ^, ^ an ample line 
bundle on J^T, the closure of F in and ,^,3/ the ideal sheaf of "3^ . If the 
positive integer n is large enough, then the cohomology group H^{^i^,J'^ ■ 
^®") vanishes, and the restriction morphism r(^,^®") ^ is 

therefore surjective. Consequently, the norm on r{Y,L^) attached to the 

lattice r(^, is the quotient of the norm on r{X, L®") attached to 

Let Ehea. finite dimensional vector space over the local field K, equipped 
with some norm, supposed to be euclidean or hormitian in the archimcdcan 
case. This norm induces similar norms on the tensor powers E®", n € N, 
hence — by taking the quotient norms — on the symmetric powers Sym" E. 
If X is the projective space P(-E) :— ProjSym (£') and L the line bun- 
dle over ?(£■), then the canonical isomorphisms Sym" ~ r{X,L'^"') 
allow one to see these norms as a sequence of norms on (_r(X, L®"))„gN- 
One easily checks that this sequence is consistent. (This is straightforward in 
the p-adic case. When K is archimedean, this follows for instance from [15, 
Lemma 4.3.6].) 

For any closed subvariety Y in P{E) and any n € N, we may consider the 
commutative diagram of if-linear maps: 

Sym" E — ^ Sym" r{P{E), ^(1)) — ^ r(P{E), ^(n)) 

Sym" r(y, ^(1)) — r(y, ^(n)) 

where the vertical maps are the obvious restriction morphisms. The maps «„, 
and consequently (3n, are surjective if n is large enough. 

Together with Proposition 4.2, these observations yield the following corol- 
lary: 

Corollary 4.3. Let K, E and Y a closed subscheme of P{E) be as above. 
Assume that Y is reduced if K is archimedean. Let us choose a norm on E 
(resp. on r(Y,ff(l))) and let us equip Sym" (resp. Sym" r(y, ^(1)); with 
the induced norm, for any n G N. 

Then the sequence of quotient norms on r{Y, &{n)) defined for n large 
enough by means of the surjective morphisms a„ : Sym" FiY^ ff{n)) 

(resp. by means of I3„: Sym" ^(1)) r{Y,(f'{n))) is consistent. 

4.B Canonical semi-norms 

Let K hea, local field. Let X be a projective variety over K, P a. rational point 
in X{K), and C be a smooth K- analytic formal curve in Xp. To these data, 
we are going to attach a canonical semi- norm 11 • ll'^J"^ on the tangent line TpC 

of C at P. It will be defined by considering an avatar of the evaluation map 
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which played a prominent role in our proof of Proposition 2.1. 

The construction of 11 • H*^")^ will require auxiliary data, of which it will 
eventually not depend. 

Let us choose a line bundle L on X and a consistent sequence of norms on 
the ii'-vector spaces Ed = r{X,L^^), for Z) e N. Let us also fix norms || ||o 
on the K-lines TpC and L|p. 

Let us denote by d the ith neighborhood of P in C. Thus we have C_i = 0, 
Co = {P}, and Ci is a iiT-scheme isomorphic to Spec -ftr[t]/(i*"'"^); moreover, 
C = limCj. Let us denote by E}-, the ii"- vector subspace of the s G En such 
that S|(7._j ~ 0. The restriction map E^ — > r{Ci,L^^) induces a linear map 
of finite dimensional if -vector spaces 

We may consider the \\ip]j\\ of this map, computed by using the chosen 
norms on Eu, TpC, and L|p, and the ones they induce by restiction, duality 
and tensor product on E}^ and on (T^C)®' (g) Lf^P. 

Let us now define p{L) by the following formula: 

p{L)= limsup ^log||(p^||. 

The analyticity of C implies that p{L) belongs to [— oo,+oo[. Indeed, 
when if is C or R, as observed in [13, §3.1], from Cauchy inequality we 
easily derive the existence of positive real numbers r and C such that 

119.1,11 <C^+V-\ (4.4) 

When K is ultramctric, we may actually bound p{L) in terms of the size of C: 

Lemma 4.5. Assum,e that K is ultrametric and let R be its ring of integers. 
Let be a projective fl,at R-rn,odel of X and let ^ : Spec R 9^ the section 
extending P. Assume moreover that the metric of L is given by a line bundle Jif 
on ^ extending L and the consistent sequence of norms on (Ejj) by the 
construction (3) in Section 4-^, and fix the norm ||-||o on TpC so that its 
unit ball is equal to n TpC. 

Then, one has 

p{L)^-\ogSscMC)- 

Proof. Let r be an element of ]0, Ssc{C)[. We claim that, with the notation 
above, we have: 
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This will establish that p{L) = limsupj^^j^^g^ i log||(pf || < — logr, hence 

the required inequality by letting r go to S,^{C). 

To establish the above estimate on ||</5f ||, let us choose an afSne open 
neighbourhood U of ^ in ^ such that admits a non- vanishing section /, 
and a closed embedding i: U ^ such that = (0, ...,0). Let C' 

denote the image of C by the embedding of formal schemes ixp '■ Xp ^ 
A^Q. By the very definition of the size, we may find ^ in Gan.r such that 

$*C' = A^ X {0}^-^ Let s be an element of r(jr, Jf®-^). We may write 
s\u = i*Q ■ for some Q in R[Xi, X^]- Then, is given by a formal 
series g ^Y^bjX^ which satisfies \\g\\r ^ 1, or cquivalently, |&7|r'^' < 1 for any 
multiindex /. If s belongs to E\), with the chosen normalizations of norms, 
we have: \\^f{s)\\ = |&»,o,...,o| < r-\ □ 

The exponential of p{L) is a well defined element in [0, +oo[, and we may 
introduce the following 

Definition 4.6. The canonical semi-norm on TpC attached to {X, C, L) is 

Observe that, if C is algebraic, then there exists a real number A such that 
the filtration {E\))ii^-^ becomes stationary — or equivalently (f^j^ vanishes — 
for i/D > A (for instance, we may take the degree of the Zariski closure of C 
for A). Consequently, in this case, p{L) = — oo and the canonical semi- norm 
vanishes. 

X .C ,L 

The notation for the canonical somi-norm which makes rcfcr- 

ence to X, C, and L only — is justified by the first part in the next Proposition: 

Proposition 4.7. a) The semi-norm IMl^g^ is independent of the choices 

of norms on TpC and L\p, and of the consistent sequence of norms on 
the spaces Ed := r{X,L^^). 

b) For any positive integer k, the semi-norm W'W'^'q is unchanged if L is 

replaced by L®^ . 

c) Let Li and L2 be two line bundles and assume that L2®L^'^ has a regular 
section a over X that does not vanish at P. Then 

jljlcan^ ^ II •11'='^"^ 
llx,C,Li ^ II "X,C,L2 

Proof, a) Let us denote with primes another family of norms on the spaces TpC, 
L^P, and Ed, and by p'{L) and (IHI^'^g)' the attached "rho-invariant" 
and canonical semi-norm. There are positive real numbers a, b, c such that 
\\t\\'o = a\\t\\o for any t e TpC, \\s{P)\\' = b\\s{P)\\ for any local section s of L 
at P, and 
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for any positive integer D and any global section s G En- Consequently, for 
{i,D) e and s e Ejj, 

\\vUs)\\' = a-'b''yUs)\\ < < a-'b''yij\\c''\\s\\', 

hence 

\\<ph\\' < a-'c'^b'^yhw 

and 

-logll^jj^ir < -loga+ -log(6c) + -logy]j\\. 
I II 

When i/D goes to infinity, this implies: 

p'{L) < -loga + p(L), 

from which follows: 

/|| Mean \f ^ II Mean 

by definition of the canonical semi-norm. The opposite inequality also holds 

by symmetry, hence the desired equality. 

b) To define p{L) and let us use the same norm ||-||o on TpC, 
and assume that the consistent sequence of norms chosen on {r{X, L^^) is 
defined by one of the constructions (1-4) in the above subsection 4. A, and 
finally that the one on {r{X,{L®^)®^)) = {r{X,L®^°)) is extracted from 
the one on (r(X,L®-°). 

Specifying the line bundle with a supplementary index, one has 

Vri,i,»i= = 'fikD,L- 

The definition of an upper limit therefore implies that p{L'^) ^ p{L)- 

To establish the opposite inequality, observe that, for any section s in E}y ^ 
and any positive integer k, the fc-th tensor power s®*' belongs to E'^ and 

Let p be any real number such that p < p{L), and choose i, D, and s G i?}, ^ 
such that /,(s)|| > e^'||s||. Then, for any positive integer k, we have 

so that ||</'^' 11^'^'^* ^ Consequently, p{L^) ^ p. 

c) Here again, we may use the same norm ||-||o on TpC to define p{L\) 
and piL'i), and assume that the consistent sequence of norms chosen on 
{r{X,L®^) and (r(X,Lf^) are defined by one of the constructions (1-4) 
above. 
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If s is a global section of Lf^, then s (g) ct®^ is a global section of Lf^; 
if s vanishes at order i along C, so does s (g) cr®^ and 

Consequently, 

and p(-£'i) < p{L2), as was to be shown. □ 

Corollary 4.8. The set of semi-norms on TpC described by Ihll^g ^ when L 

varies in the class of line bundles on X possesses a maximal element, nam,ely 
the canonical semi-norm IHI^g attached to any ample line bundle L on X. 

We shall denote IMI'^')^ this maximal element. The formation of IMI'^f'J:; 
satisfies the following compatibility properties with respect to rational mor- 
phisms. 

Proposition 4.9. Let X' be another projective algebraic variety over K, and 
let f: X — ■> X' be a rational map that is defined near P. Let P' := f{P), 

and assume that f defines an (analytic, or equivalently, formal) isomorphism 
from C onto a smooth K -analytic formal curve C in X' pi . 
Then for any v G TpC, 

\\DfiP)v\\^,j^c) ^ Mx,d- 

If moreover f is an immersion in a neighborhood of P, then the equality 
holds. 

When K is archimedean, this summarizes the results established in [13, 
Sections 3.2 and 3.3]. The arguments in loc. cit. may be immediately trans- 
posed to the ultramctric case, by using consistent norms as defined above 
instead of L°° norms on the spaces of sections Ed- We leave the details to the 
reader. 

Observe finally that this Proposition allows us to define the canonical 
semi-norm when the algebraic variety X over K is only supposed to 

be quasi-projective. Indeed, if X denotes some projective variety containing X 
as an open i 

and we let 



as an open subvariety, the semi- norm || • ||^ g independent of the choice of X, 
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5 Capacitary metrics on p-adic curves 
5. A Review of the complex case 

Let M be a compact Riemann surface and let Q be an open subset of M. 
We assume that the compact subset complementary to fi in any connected 
component of M is not polar. Let D be an effective divisor on M whose 
support is contained in Q. Potential theory on Riemann surfaces (see [11, 
3.1.3-4]) shows the existence of a unique subharmonic function gD,n on M 
satisfying the following assumptions: 

1) gD,n is harmonic on ]? \ \D\; 

2) the set of points z € M\Q such that gD,n{z) 7^ is a polar subset of df2; 

3) for any open subset V oi f2 and any holomorphic function / on y such 
that div(/) = D, the function go, a — log|/|~^ on 1/ \ |Z)| is the restriction 
of a harmonic function on V. 

Moreover, go.n takes non-negative values, is locally integrable on M and de- 
fines a L^-Green current for D in the sense of [11]. It is the so-called equilibrium 
potential attached to the divisor D in H. 

If E is another effective divisor on M supported in i7, one has go+E.n = 
go, a + gE,a- We can therefore extend by linearity the definition of the equi- 
librium potential gD,o to arbitrary divisors D on M that are supported on H. 
Recall also that, if i7o denotes the union of the connected components of 1? 
which meet then go.na ~ gD,n {loc. cit., p. 258). 

The function gD,n allows one to define a generalized metric on the line 
bundle ffu^D), by the formula 

||1d||^(2;) = exp(-fif£),f2(^)), 

where Id denotes the canonical global section of ^m{D). We will call this 

metric the capacitary metric'^ on (?m{D) attached to Q and denote by ||/||^^ 
the norm of a local section / of ^m(-D). 

5.B Equilibrium potential and capacity on p-adic curves 

Let be a complete discrete valuation ring, and let K be its field of fractions 
and k its residue field. Let X be a smooth projective curve over K and let U 
be an affinoid subspace of the associated rigid i^-analytic curve X'^". We 
shall always require that U meets every connected component of X^^ — this 
hypothesis is analogous to the non-polarity assumption in the complex case. 

''Our terminology differs slightly from that in [11]. In the present article, the 
term capacitary metric will be used for two distinct notions: for the metrics on line 
bundles defined using equilibrium potentials just defined, and for some metrics on 
the tangent line to M at a point, see Subsection 5.C. In [11], it was used for the 
latter notion only. 
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We also let Q = X™ \ U, which we view as a (non quasi-compact) rigid K- 
analytic curve; its affinoid subspaces are just affinoid subspaccs of J'f " disjoint 
of U — see Appendix B for a detailed proof that this endowes with the 
structure of a rigid /T-analytic space in the sense of Tate. 

The aim of this subsection is to endow the line bundle ^{D), where D is 
a divisor which does not meet U, with a metric (in the sense of Appendix A) 
canonically attached attached to /?, in a way that parallels the construction 
over Ricmann surfaces recalled in the previous subsection. 

Related constructions of equilibrium potentials over ^adic curves have 
been developed by various authors, notably Rumely [49] and Thuillier [51] 
(see also [37]). Our approach will be self-contained, and formulated in the 
framework of classical rigid analytic geometry. Our main tool will be intersec- 
tion theory on a model ^ of X over R. This point of view will allow us to 
combine potential theory on p-adic curves and Arakelov intersection theory 
on arithmetic surfaces in a straightforward way. 

We want to indicate that, by using an adequate potential theory on an- 
alytic curves in the sense of Berkovich [4] such as the one devcloppcd by 
Thuillier [51], one could give a treatment of equilibrium potential on p-adic 
curves and their relations to canonical semi-norms that would more closely 
parallel the one in the complex case. For instance, in the Berkovich setting, 
the afHnoid subspace [/ is a compact subset of the analytic curve attached 
to X, and f2 is an open subset. We leave the transposition and the extension 
of our results in the framework of Berkovich and Thuillier to the interested 
reader. 

By Raynaud's general results on formal/rigid geometry, see for instance [8, 
9], there exists a normal projective flat model ^ of X over R such that U 
is the set of rig points of X™ reducing to some open subset U of the special 
fibre X. We shall write U = ]U[^ and say that U is the tube of U in 
similarly, we write f2 = (We remove the index ^ from the notation 

when it is clear from the context.) The reduction map identifies the connected 
components of U with those of U, and the connected components of J7 with 
those of X \ U. Since we assumed that U meets every connected component 
of X, this shows that U meets every connected component of X. 

Recall that to any two Weil divisors Zi and Z2 on ^ such that Zi^k 
and Z2,K have disjoint supports is attached their the intersection number 
(Zx^Z-i). It is a rational number, which depends linearly on Z\ and Z^. It 
may be defined a la Mumford (see [42, II. (b)]), and coincide with the degree 
over the residue field k of the intersection class Z1.Z2 in CHo(X) when Zi 
or Z2 is Cartier. Actually, when the residue field k is an algebraic extension 
of a finite field — for instance when K is a, p-adic field, the case we are 
interested in in the sequel — any Weil divisor on ^ has a multiple which is 
Cartier (see [40, Theorcme 2.8]), and this last property, together with their 
bilinearity, completely determines the intersection numbers. 



24 



Jean-Benoit Bost and Antoine Chambert-Loir 



The definition of intersection numbers immediately extends by bilinearity 
to pairs of Weil divisors with coefficients in Q (shortly, Q-divisors) in ^ 
whose supports do not meet in X. 

Proposition 5.1. For any divisor D on X , there is a unique Q-divisor ^ 
on ^ extending D and satisfying the following two conditions: 

1) For any irreducible component v of codimension 1 o/X\U, ^ -v = 0. 

2) The vertical components of ^ do not meet U. 

Moreover, the map D ^ Si so defined is linear and sends effective divisors to 

effective divisors. 

Proof. Let S denote the set of irreducible components of X and let T C 5 
be the subset consisting of components which do not meet U. Let be the 
schematic closure of D va .f^ . Sinc;c U nicxrts cvciry connected component of X, 
T does not contain all of the irreducible components of some connected com- 
ponent of X, so that the restriction of the intersection pairing of DivQ(,^) to 
the; subspacc generated by the components of X which bc;long to T is negative 
definite (see for instance [21, CoroUaire 1.8] when 2^' is regular; one reduces 
to this case by considering a resolution of ^ , as in [42, II. (b)]). Therefore, 
there is a unique vertical divisor V , linear combination of components in T , 
such that (^0 + ^, s) = for any s £ T. (In the analogy with the theory of 
electric networks, the linear system one has to solve corresponds to that of a 
Dirichlct problem on a graph, with at least one electric source per connected 
component.) Set ^ = ^o + ^; it satisfies assumptions 1) and 2). The linearity 
of the map D i— > ^ follows immediately from the uniqueness of V. 

Let us assume that D is effective and show that so is V. (In the graph 
theoretic language, this is a consequence of the maximum principle for the 
discrete Laplacian.) Denote by rris the multiplicity of the component s in the 
special fibre of ,3^, so that X^ses belongs to the kernel of the intersection 
pairing. Write V = X^^gg CgS, where = if s ^ T. 

Let S' be the set of elements s G S where Cs/rUs achieves its minimal 
value. Then, for any element r of S" fl T, 

= {Cr/mr){'^msS,T) = Cr{T,T)+'^{Cr/m.r)m.s{s,T) 

< Cr{T,T) + ^Cs{s,T) =^(CsS,t) 

sjir seS 

< iS,T)-{%,T)=-{%,T). 

Since is effective and horizontal, {!^o, t) > 0, hence all previous inequalities 
are in fact equalities. In particular, (SIo,t) = and Cs/mg = Cr/mr for 
any s £ S such that (s, r) 0. 

Assume by contradiction that V is not effective, i.e., that there is some s 
with Cg negative. Then S' is contained in T (for = is ,s ^ T) and the pre- 
ceding argument implies that S' is a union of connected components of X. (In 
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the graph theoretical analogue, all neighbours of a vertex in S' belong to S'.) 
This contradicts the assumption that U meets every connected component 
of X^'^ and concludes the proof that V is effective. □ 

In order to describe the functoriality properties of the assignment D ^ 2! 
constructed in Proposition 5.1, we consider two smooth projective curves X 
and X' over K, some normal projective flat models ^ and over R of 
these curves, and tt: — » ^ an i?-morphism such that the i-C-morphism 
-kk : X' — > X is finite. 

Recall that the direct image of 1-dimensional cycles defines a Q-linear map 
between spaces of Q-divisors: 

TT*: DivQ(jr') — ^ DivQ(jr), 

and that the inverse image of Cartier divisors defines a Q-linear map between 
spaces of Q-Cartier divisors: 

TT*: Div§""°^(jr) . Div§^''"'"'(^')- 

These two maps satisfy the following adjunction formula, valid for any Z in 

Div^^^''"(j:') and any Z' in DivQ(,ir'): 

{■K*Z,Z') = {Z,Ti^Z'). (5.2) 

When k is an algebraic extension of a finite field, as recalled above, Q- 
divisors and Q-Cartier divisors on ^ or coincide, and tt* may be seen as 

a linear map from DivQ(,3r) to DivQ(^') adjoint to tt*. 

In general, the map tt* above admits a unique extension to a Q-linear map 

TT*: DivQ(jr) -^DivQ(^'), 

compatible with the pull-back of divisors on the generic fiber 

TT^: DivQ(X) ^ DivQ(X'), 

such that the adjunction formula (5.2) holds for any (Z, Z') in DivQ(^) x 
DivQ(J?r'). The unicity of such a map map follows from the non-degeneracy 
properties of the intersection pairing, which show that if a divisor Z[ sup- 
ported by the closed fiber X of ^ satisfies Z[ ■ Z2 = Q for every Z'2 in 
DivQ(J?r'), then Z[ = 0. The existence of tt* is known when S^' is regu- 
lar (then DivQ( JT) and Div^""°"( JT) coincide), and when TT is birational — 
i.e., when tik is an isomorphism — and ^ is regular, according to Mumford's 
construction in [42, II. (b)]. To deal with the general case, observe that there 
exist two projective flat regular curves and equipped with birational R- 
morphisms v: X ^ .ST and v' : 2^' 2^' . and an i?-morphism tt: 3^' 2^ 
such that TT ov = TT ov. Then it is straightforward that tt* := ii^TT*v* satisfies 
the required properties. 

Observe also that the assignment tt 1— > tt* so defined is functorial, as follows 
easily from its definition. 
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Proposition 5.3. Let U be a Zariski open subset of the special fibre X and let 

U' = 7r^^(U). Assume that ]U[,g^- meets every connected component of X^^; 
then ]U'[^' meets every connected component of {X')^^. 

Let D and D' be divisors on X and X' respectively, let Si and 3' be the 
extensions to and , relative to the open subsets U and W respectively, 
given by Proposition 5.1. 

a) Assume that D' = tt*D. If \D\ does not meet ]U[, then \D'\ is disjoint 
from]U'[ and ^' = tt*^. 

b) Assume that D = ■Kt.D' . If\D'\ does not meet]\i'[, then \D\ n]U[ = and 

Si = TT^S'. 

Proof. Let us denote by S the set of irreducible components of the closed 
fibre X of and by T its subset of the components which do not meet U. 
Define similarly S' and T' to be the set of irreducible components of X' and 
its subset corresponding to the components that do not meet U'. Let also A'' 
denote the set of all irreducible components of X' which are contracted to a 
point by tt. 

By construction of tt*, the divisor 7r*(^) satisfies (7r*(^),n) = for 
any n £ N and has no multiplicity along the components of A'' that are 
not contained in 7r^^(|i^|). 

Since U' = ■7r~^(U), T' is the union of all components of X' that are mapped 
by TT, either to a point outside U, or to a component in T. 

a) Let t' e T'. One has (tt*^,*') = {S,TT^t') = since t' maps to a 
component in T, or to a point. Moreover, by the construction of n* , the 
vertical components of Tr*S are elements s' G S' such 7r(s') meets the support 
of S. By assumption, the Zariski closure of _D in X is disjoint from U; in 
other words, the vertical components of n*S all belong to T'. This shows 
that the divisor Tr*S on satisfies the conditions of Proposition 5.1; since 
it extends D' = 7r*D, one has t:*S = S'. 

b) Let s be a vertical component appearing in 7r*(^'); necessarily, there 
is a vertical component s' of S' such that s = Tr{s'). This implies that s' G 
T', hence s £ T. For any t G T, T:*(t) is a linear combination of vertical 
components of X' contained in TT~^{t). Consequently, they all belong to T' 
and one has (7r*(^')>*) = {S',Tr*{t)) = 0. By uniqueness, 7r*(^) = S". □ 

Corollary 5.4. Let X be a projective smooth algebraic curve over K, let U 
be an afpnoid, subspace o/X™ which meets any connected component of X^^ . 
Let D be a divisor on X whose support is disjoint from U. 

Then the metrics on the line bundle ffx{D) induced by the line bun- 
dle G sc{Si^ defined by Prop 5.1 does not depend on the choice of the pro- 
jective flat model ^ of X such that U is the tube of a Zariski open subset of 
the special fibre of 3^ . 

Proof. For i = 1,2, let ( JTj, Ui) be a pair as above, consisting of a normal flat, 
projective model of X over R and an open subset of its special fibre X^ 
such that ]Uj[^. = U. Let Si denote the extension of £> on ^ relative to Uj. 
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There exists a third model {^', U') which admits maps tTj: 
for i = 1,2, extending the identity on the generic fibre. Let i^' denote the 
extension of D on For i = 1,2, one has 7rj~^(Uj) = U'. By Proposition 5.3, 
one thus has the equalities Tr*^i = S>' hence the line bundles Cs:'{2>') on 
and ^s^i{S>i) on ^ induce the same metric on ffx{D). □ 

We shall call this metric the capacitary metric and denote as ||/||^^ the 
norm of a local section / of i^x{D) for this metric. 

Proposition 5.5. Let X be a projective smooth algebraic curve over K , let U 
be an affinoid subspace o/X^" whicti meets any connected component of X^'^ . 
Let D be a divisor on X whose support is disjoint from U and let Q = X'^'^\U . 

If fi' denotes the union of the connected components of Q which meet \D\, 
then the capacitary metrics of ^{D) relative to f2 and to ]?' coincide. 

Proof. Let us fix a normal projective flat model ^ of X over R and a Zariski 
open subset U of its special fibre X such that U = ] U . Let Z = X \ U 
and let Z' denote the union of those connected components of Z which meet 
the specialization of \D\. Then i?' = ]Z'[ is the complementary subset to the 
affinoid ]U'[, where U' = X \ Z'; in particular, ]U'[ meets every connected 
component of X™. 

Let ^0 denote the horizontal divisor on ^ which extends D. The divi- 
sor S>' := S>n' is the unique Q-divisor of the form S>o + V on ^ where V 
is a vertical divisor supported by Z' such that = for any irreducible 

component of Z'. By the definition of Z', an irreducible component of Z which 
is not contained in Z' doesn't meet neither Z', nor ^q. It follows that for 
any such component t, {S^' ,t) = (f^o,0 + {V,t) = 0. By uniqueness, is 
the extension of on =^ relative to U, so that = SIq. This implies the 
proposition. □ 

As an application of the capacitary metric, in the next proposition we 
establish a variant of a classical theorem by Frcsnel and Matignon ([25, 
theoreme 1]) asserting that aflanoids of a curve can be defined by one equa- 
tion. (While these authors make no hypothesis on the residue field of k, or on 
the complementary subset of the affinoid U , we are able to impose the polar 
divisor of /.) Using the terminology of Rumely [49, §4.2, p. 220], this propo- 
sition means that affinoid subsets of a curve are RL-domains ("rational lem- 
niscates"), and that RL-domains with connected complement are PL-domains 
("polynomial lemniscates" ) . It is thus essentially equivalent to Rumely 's the- 
orem [49, Theorem 4.2.12, p. 244] asserting that island domains coincide with 
PL-domains. Rumely's proof relies on his non-archimedean potential theory, 
which we replace here by Proposition 5.1. 

This proposition will also be used to derive further properties of the ca- 
pacitary metric. 

Proposition 5.6. Assume that the residue field k of K is algebraic over a 
finite field. Let {X, U, Q) be as above, and let D be an effective divisor which 
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does not meet U but meets every connected component ofQ. There is a rational 
function f € K{X) with polar divisor a multiple of D such that U = {x G 

Proof. Keep notations as in the proof of Proposition 5.1; in particular, S 
denotes the set of irreducible components of X. The closed subset X \ U has 
only finitely many connected components, say Vi, . . . , V^. Moreover, we may 
assume that for each i, Vj is the union of a family Tj C 5 of components of X. 
For any i, the tube ]Vj[ in X^" consisting of the rig. points of X which reduce 
to points of Vi is a connected analytic subset of X^'^, albeit not quasi-compact, 
and X^'^ is the disjoint union oi U = ]U[ and of the ]Vj[. (See [47] for more 
details.) We let denote the multiplicity of the component s in the special 
fibre, and F = X^ses "f^sS. 

Let ^ = ^0 + V he the extension of to a Q-divisor of ^ given by 
Proposition 5.1, where is horizontal and V = J2seS '-^'^ ^ vertical divisor 
supported by the special fibre X. One has Cg = for s ^ T and ^ if s € T. 
For any s ^ T, we define = {V, s). This is a nonnegative rational number 
and we have 

asm, = {V,F) -J2mt{V,t) =Ymt{%,t) =J2^s{%,s) 
ses\T teT teT seS 

since D does not meet U, hence 

^ a,m, = {%,F)=deg{D). (5.7) 
ses\T 

For any s € S \ T, let us fix a point Xg of X which is contained on the 
component s as well as on the smooth locus of Using either a theorem of 
Rumely [49, Theorem 1.3.1, p. 48], or van der Put's description of the Picard 
group of any one-dimensional X-affinoid, cf. [44, Proposition 3.1],^ there is a 
rational function fg G K{X) with polar divisor a multiple of D and of which 
all zeroes specialize to Xg- We may write its divisor as a sum 

diy{fs) = -ng9 + Eg + Ws, 

where rig is a positive integer. Eg is a horizontal effective divisor having no 
common component with i^, and Wg is a vertical divisor. Since Eg is the 
closure of the divisor of zeroes of fg, it only meets the component labelled s. 
One thus has {Eg, s') = for s' e 5 \ {s}, while 

{Eg,s) = —{Eg,mgs) = —{Eg,F) = ^degD. 
nig nig nig 

Let t gT. One has (div(/s), t) = 0, hence 

^The proofs in both references are similar and rely on tlie Abel-Jacobi map, 
together with the fact that K is the union of its locally compact subfields. 
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{Ws.t)=ns{&,t)-{E,,t)^Q. 

Similarly, if s' G S" \ T, (div(/s), s') = and 

{Ws,s') = n,{&,s')~{Es,s') 

= n,{%,s')+n,{V,s')-{E,,s') 
= O + n^as' - {Es,s'). 

If s' ^ s, it follows that 

{Ws,s') = Hstts', 

while 

77- 

{Ws,s) = Ustts deg{D). 

TTla 



We now define a vertical divisor 



w = y ™ w^,. 



For any t e T, (W, t) = 0. Moreover, for any s' eS\T, 

aaTUsas' - -^Us' deg(Z)) 



= as' ^ a^ms - a^' deg(I?), 

\siT ) 

hence (W, s') = by (5.7). Therefore, the vertical Q-divisor is a multiple 
of the special fibre and there is A e Q such that W = XF. Finally, 

^ ^ div(/,) -XF = - deg{D)^ + Y: 

is a principal Q-divisor. It follows that there are positive integers and Ag, 
for s ^T, such that 

sgT 

is the divisor of a rational function / G K(X). 

By construction, the polar divisor of / on X is a multiple of D. Moreover, 
the reduction of any x ^ U belongs to a component labelled by T at which 
the multiplicity of ^ is positive. Consequently, \f{x)\ > 1. On the contrary, 
if a; e J7, it reduces to a component outside T and ^ 1. More precisely, 

\f{x)\ < 1 if and only if x reduces to one of the points Xg, s ^T. □ 
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The definition of an algebraic metric now implies the following explicit 
description of the capacitary metric. 

Corollary 5.8. Let {X, U, J7) be as above let D be any divisor which does not 
meet U , and let f be a rational function defining U, as in preceding propo- 
sition, and whose polar divisor is equal to mD, for some positive integer m. 
Then, the capacitary metric on &x{D) can be computed as 

-log||lD||?,^P(:r) = llog+|/(x)| =max(0,log|/(x)|i/"). 

Proposition 5.9. Let {X, U, J?) and {X', U', J?') be as above and let (p: fi' ^ 
fi be any rigid analytic isomorphism. Let D' be any divisor in X' whose 
support does not meet U' and let D = ^{D'). 
Then, for any x & O' , 

Proof. By linearity, wo may assume that D is efi^ective. Let / G K{X) and 
/' G K{X') be rational functions as in Proposition 5.6. Let m and m! be 
positive integers such that the polar divisor of / and /' are mD and m' D' 
respectively. The function /o(^ is a meromorphic function on Q' whose divisor 
is mD' . Consequently, the meromorphic function on Q' 

9 = {fov>r'/{fT 

is in fact invertible. We have to prove that \g\{x) = 1 for any x £ il'. 

Let be any decreasing sequence of elements of i^/j^K^ converging to 1. 
The sets V.^ = {x G X' ; ^ £„} are affinoid subspaces of i7' and exhaust 

it. By the maximum principle (see Proposition B.l below), one has 

sup \g{x)\ = sup \g{x)\ ^ !/(£„)'" ^ 1. 
xevf^ |/'(x)|=£„ 

Consequently, sup^g^, |5(a;)| < 1. The opposite inequality is shown similarly 
by considering the isomorphism ^p~^ : Q — > Q' . This proves the proposition. 

□ 

5.C Capacitary norms on tangent spaces 

Definition 5.10. Let {X.U.fl} be as above and let P G X{K) be a rational 
point lying in f2. Let us endoiu the line bundle &x{P) with its capacitary 
metric relative to f2. The capacitary norm ||-||p^2 '"^ ^^'^ K-line TpX is then 
defined as the restriction of [ffxiP), W'Wq"^) to the point P, composed with the 
adjunction isomorphism ^x{P)\p — TpX. 
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Example 5.11. Let us fix a normal projective flat model ^ , let ^ be the 
divisor extending P, meeting the special fibre X in a smooth point P. Let 
U = X \ {P} and define U = ]U[, Q = ]P[. In other words, f? is the set 
of rig-points of X^" which have the same reduction P as P. Then i? = ]P[ 
is isomorphic to an open unit ball, the divisor 0^ is simply the image of the 
section which extends the point P, and the capacitary metric on TpS is simply 
the metric induced by the integral model. 

Example 5.12 (Comparison with other definitions). Let us show that how this 
norm fits with Rumely's definition in [49] of the capacity of U with respect to 
the point P. Let / be a rational fimction on X, without pole except P, such 
that U = {x ^ X ; \f{x)\ ^ 1}. Let m be the order of / at P and let us define 
cp e K* so that f{x) — cpt{x)~"^ + . . . around P, where t is a fixed local 
parameter at P. By definition of the adjunction map, the local section ^Ip 
of 0x{P) maps to the tangent vector Consequently, 

= II^IpIK^') = min(l, = \cp\-"^. (5.13) 

As an example, and to make explicit the relation of our rationality criterion 
below with the classical theorem of Borel-Dwork later on, let us consider the 
classical case in which X = 'P^ (containing the affine line with t coordinate), 
and U is the affinoid subspace of defined by the inequality \t\ > r (to 
which we add the point at infinity), where r S i/jif * |. Let us note Q = ZU 
and choose for the point Pel? the point with coordinate t = Q. Let m 
be a positive integer and a e K* such that r"* = |a|; let / = a/t^; this is 
a rational function on with a single pole at P and U is defined by the 
inequality |/| < 1. It follows that 



\^P}^ = \a\-""' = Vr. 



Similarly, assume that U is an affinoid subset of P^ which does not contain 
the point P = oo. Then U is bounded and ||t^^||p,f2. is nothing but its 
transfinite diameter in the sense of Fekete. (See [1], the equivalence of both 
notions follows from [49, Theorem 4.1.19, p. 204]; see also [49, Theorem 3.1.18, 
p. 151] for its archimedean counterpart.) 

Remarks 5.14. a) Let {X, U) be as above, let P e X{K) be a rational point 
such that P ^ U. Let J7 = X^'^ \ U and define Qq to be the connected 
component of i7 which contains P. It follows from Proposition 5.5 that 
the norms |HI/?f2o ll'll'pfi TpX coincide, 
b) Let U' be another affinoid subspace of X^'^ such that U' C U; the com- 
plementary subset f]' to U' satisfies i? C i7'. If moreover J? and fi' are 
connected, then for any P G I? and any vector v G TpX, one has 

Wvrp'n' ^ Mp'a- 
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Indeed, since Q and fi' are connected and contain P, Proposition 5.6 

implies that there exist rational functions / and /' on X, without pole 
except P, such that the affinoids U and U' are defined by the inequalities 
I/I ^ 1 and I /'I < 1 respectively. Replacing / and /' by some positive 
powers, we may also assume that ordp(/) = ordp(/'); let us denote it 
by —d. Let t be a local parameter at P; it is enough to prove the desired 
inequality iov v = 

We may expand / and /' around P as Laurent series mt — t{P), writing 



The rational function g = f / f on X defines a holomorphic function on the 
affinoid subspace defined by the inequality {|/'| ^ 1}, since the poles at P 
at the numerator and at the denominator cancel each other; moreover, 
g{P) = c/c'. Using twice the maximum principle (Proposition B.l), we 
have 

|Sf(P)| ^ sup \g{x)\ = sup \g{x)\ = sup \f{x)\ 

|/'(x)|^l \f'ix)\ = l |/'(x)| = l 

= sup \f{x)\^l 
since C This implies that |(?(P)| ^ 1, so that |c| ^ |c'|. Therefore, 

as was to be shown. 



5.D Canonical semi- norms and capacities 

Let K he a local field. 

In the case K is archimedean, we assume moreover that if = C; let M be 
a connected Riemann surface, f2 be an open subset in M, relatively compact. 
In the case K is ultrametric, let M be a smooth projective curve over K, let U 
be an affinoid in M™, let us denote i7 = \ U. 

In both cases, let O be a point in f2. 

We endow the _ft'-line TqM with its capacitary semi-norm, as defined by 
the first author in [13] when K = C, oi in the previous section in the p-adic 
case. 

Let X be a projective variety over K, let P € X{K) be a rational point 
and let C be a smooth formal curve in Xp. Assume that C is K-analytic 
and let 1^: Q ^ X^" be an analytic map such that (p{0) — P which maps the 
germ of at O to C. (Consequently, if D(p{0) ^ 0, then ip defines an analytic 
isomorphism from the formal germ of 1? at O to C.) We endow TpX with its 
canonical semi- norm ||-||*^!''J^. 
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Proposition 5.15. For any v £Tofi, one has 

\\D^{0){vW^^Q^\\vr^},. 

Proof. The case i^T = C is treated in [13, Proposition 3.6]. It therefore remains 
to treat the ultrametric case. 

In view of remark 5.14, a), we may assume that Q is connected. By Propo- 
sition 5.6, there exists a rational function / G K{M) without pole except O 
such that U = {x & M ; \ f{x)\ ^ 1}. Let m > denote the order of the pole 
of / at the point O. For any real number r > 1 belonging to ^/\K\^, let us 
denote by Ur and dUr the affinoids ^ r} and = r} in Ad. One 

has Ur>i ~ ^- ^® shall denote by fr the restriction of (p to the affinoid Ur. 
Let us also fix a local parameter f at O and let us define cp = lim t{x)"^f{x). 

Onchasllfro^-lcpl;'/"- 

Lot L be an ample line bundle on X For the proof of the proposition, we 

may assume that Dip{0) is non zero; then tp is a formal isomorphism and we 

may consider the formal parameter r = to(p~'^ on C at P. We have dt = (p*dT, 

hence D(p{0){jji) = Let us also fix a norm ||-||o on the ii'-line TpC, and 

let us still denote by ||-||o the associated norm on on its dual TpC. 

Let us choose a real number r > 1 such that r G i/jiir*!, fixed for the 

moment. Since the residue field of K is finite, the line bundle (f*L on Ur 

is torsion (see [44, Proposition 3.1]); we may therefore consider a positive 

integer n and a nonvanishing section e of ip*L^'^. For any integer D and any 

section s G r{X, L"^"^^), let us write ip*s — cre®"^, where a is an analytic 

function on Ur. Since we assumed that D(p{0) ^ 0, the condition that s 

vanishes at order i along C means exactly that a vanishes at order i at O. 

Consequently, the i-th jet of <^*s at O is given by 

j*o(^» = (at-^)(0)£"^(0) dT^\ 

Writing (cri-*)™ = {a"^ f ){ft"')-\ it follows that 

\\u^;s)\r = k-ri(o)|cp|-i£(o)ii"'"^iic;r|ir. 

Notice that cr™/* is an analytic function on Ur. By the maximum principle 
(Proposition B.l), 

|<7™r|(0) < sup|a™r| = sup |a™r(a;)| = jjajjgV.r'. 

Ur X&dUr 

Consequently, 

\mf^:^OuA£{x)\\J 
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With the notations of Section 4.B, it follows that the norm of the evaluation 
morphism 

satisfies the inequality 

/ \ nD/i 

\W],or''^r^''-\cpr'"^ (^lk(0)||/inf||e||j ||dT||o, 

hence 

1 1 r 

= limsup - loglK^,!! ^ — log I — 1 = log||dr||o. 

i/D^oo « m \Cp\ 

Using the notations introduced for defining the canonical semi-norm, we thus 
have p{L) = < log||dT||o and 

p^(o)(|)iirc.P=ii^iirc.p =^''^'^11^110 

Letting r go to 1, we obtain the desired inequality. □ 



5.E Global capacities 

Let K he a number field, let R denote the ring of integers in K. Let X 

be a projective smooth algebraic curve over K . For any ultrametric place v 
of R, let us denote by F„ the residue field of R at v, by Ky the completion 
of K at V, and by Xy the rigid /C^-analytic variety attached to Xk^- For any 
archimedean place v oi X, corresponding to an embedding a: K we 
let Xy be the compact Riemann surface ^^(C). When v is real, by an open 
subset of we shall mean an open subset ofX^{C) invariant under complex 
conjugation. 

Our goal in this Section is to show how capacitary metrics at all places fit 
within the framework of the Arakelov intersection theory (with L^-regularity) 
introduced in [11]. Let us briefly recall here the main notations and properties 
of this arithmetic intersection theory, referring to this article for more details. 

For any normal projective flat model ^ of X over R, the Arakelov Chow 
group CH^(^) consists of equivalence classes of pairs (5?, g) e Z;^(<:^) where 
^ is a R-divisor on ^ and g is a Green current with L^-rcgularity on ^{C) 
for the real divisor S^k, stable under complex conjugation. For any class a of 
an Arakelov divisor (f^, 17), we shall denote, as usual, uj{a) = dd''g + S^^. 

Arithmetic intersection theory endowes the space CHp^(^) with a sym- 
metric R- valued bilinear form. Any morphism n : — > ^ between normal 
projective flat models of curves X' and X induces morphisms of abelian groups 
77. : CB.'^i^') CHii(^) and n* : CH^( JT) ^ CHl^{^'). For any classes 
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a and /3 e CH^(^), 7 G CH^( JT'): one has 7r*a • tt*/? = a • /? and a pro- 
jection formula 7r*(7r*a • 7) = deg(7r)a • 7r*(7), when tt has constant generic 
degree deg(7r). 

Any class a G CH^(^), defines a height function ha which is a linear 
function on the subspace of Z^{,9^-') consisting of real 1-cycles Z on such 
that Lo{a) is locally L°° on a neighbourhood of |Z|(C). If I? is a real divisor 
on X such that u>{a) is locally L°° in a neighbourhood of |-D|(C), we shall 
still denote ha{D) the height of the unique horizontal 1-cycle on which 
extends D. Moreover, for any effective divisor D on X such that uj{a) is 
locally L°° in a neighbourhood of |7r*(-D)|(C), then Lu{iT*a) is locally L°° in a 
neighbourhood of |-D|(C) and one has the equality h„*a{D) = ha{'K*{D)). 

Definition 5.16. Let D he a divisor on X . For each place v of K, let fiy he an 
open suhset of Xy (stahle under complex conjugation ifv is archimedean) . One 
says that the collection (J?^) is an adelic tube adapted to D if the following 
conditions are satisfied: 

1) for any ultrametric place v, the complement of Qv in any connected com- 
ponent of Xy is a nonempty affinoid subset ; 

2) for any archimedean place v, the complement of i7„ in any connected com- 
ponent of Xy is non-polar; 

3) there exists an effective reduced divisor E containing \D\, a finite set of 
places F of K, a normal projective flat model ^ of X over R such that 
for any ultrametric place v of K such that v ^ F, J?^ = is the tuhe 
in Xy around the specialization of E in the special fihre . 

Let il = {ily) be a family, where, for each place v of K, Qy is an open 
subset of the analytic curve Xy satisiying the conditions (1) and (2). Let D 
be a divisor on X whose support is contained in J7„ for any place v of K . By 
the considerations of this section, the line bundle ffx {D) is then endowed, for 
each place w of i^, of a w-adic metric If is an adelic tube adapted 

to D, then, for almost all places of K, this metric is in fact induced by the 
horizontal extension of the divisor D in an adequate model ^ oi X. Actually, 
one has the following proposition: 

Proposition 5.17. Assume that O is an adelic tuhe adapted to \D\. There 

is a normal, flat, projective model iX" of X over R and a (unique) Arakelov 
Q-divisor extending D, inducing at any place v of K the v-adic capacitary 
metric on ffx{D). 

Such an arithmetic surface ^ will be said adapted to O. Then, the Arakelov 
Q-divisor on ^ whose existence is asserted by the proposition will be de- 
noted Dq. Observe moreover that the current ixi{Da) is locall L°° on fi since 
it vanishes there. Consequently, the height h^^ (E) is defined when E is any 
0-cycle on X which is supported by f2. 

Proof. It has already been recalled that archimedean Green func;tions defined 
by potential theory have the required L^-regularity. It thus remains to show 
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that the metrics at finite places can be defined using a single model , 3i) 
of {X, D) over R. 

Lemma 5.18. There exists a normal, flat projective model 2^ of X over R, 
and, for any ultrametric place v of K , a Zariski closed subset Z„ of the special 
fibre Xf„ at v such that fi^ = ]Z^[. We may moreover assume that for almost 
all ultrametric places v of K, Zy = S' (1 Xf„ , where § is an effective reduced 
horizontal divisor on ^ . 

Proof. Let be a projective flat model of X over R, E an effective reduced 
divisor on and F be a finite set of places satisfying the condition 3) of the 
definition of an adelic tube. Up to enlarging F, we may assume that the fibre 
product S^i®B. Ri is normal, where i?i denotes the subring of K obtained 
from R by localizing outside places in F. 

By Raynaud's formal/rigid geometry comparison theorem, there is, for 
each finite place v E F, a. normal projective and flat model ^„ of X over the 
completion a Zariski closed subset the special fibre of <!?^, such that 

] Zy [. 

By a general descent theorem of Morct-Bailly ([41, Theorem 1.1]; see 
also [10, 6.2, Lemma D]), there exists a projective and flat i?-scheme ^ 
which coincides with over Spec Ri and such that its completion at any fi- 
nite place V G F is isomorphic to By faithfully flat descent, such a scheme 
is normal (see [39, 21. E, Corollary]). 

For any ultrametric place v over Speci?i, we just let Z^ be the specializa- 
tion of E in .Syp^. = (.%)f,, ; one has Q^, = ]Zy[ by assumption since v does not 
belong to the finite set F of excluded places. For any ultrametric place v G F, 
Zy identifies with a Zariski closed subset of the special fibre and its tube 
is equal to i7„ by construction. This concludes the proof of the lemma. □ 

Fix such a model ^ and let be the Zariski closure of D in ,3^. For 
any ultrametric place v of F, let Vy be the unique divisor on the special 
fibre such that ^o + Vy satisfies the assumptions of Proposition 5.1. One 
has Vy = Q for any ultrametric place v such that Zy has no component of 
dimension 1, hence for all but finitely places v. We thus may consider the 
Q-divisor S) = 3io + '}2y Vy on ^ and observe that it induces the capacitary 
metric at all ultrametric places. □ 

Proposition 5.19. Let D be a divisor on X and let Q be an adelic tube 
adapted to \D\. One has the equality 

Da-Dn = hQjD). 

Proof. Let \is consider a model ^ oi X and an Arakelov Q-divisor on ^ 
defining the capacitary metric ||-||^'' at all ultrametric places v oi K. 

Let ^0 denote the Zariski closure of Z) in For any ultrametric place v 
of K. and let be the vertical part of ^ lying above v so that ^ = + 
J2y By [11, Corollary 5.4], one has 
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By the definition of the capacitary metric at ultrametric places, the geometric 
intersection number of S> with any vertical component of S> is zero. Conse- 
quently, 

Da -00 = hs^m +YlhB^{V,) = hQ^{%), 

V 

as was to be shown. □ 

Corollary 5.20. Let P £ X{K) be a rational point of X and let Q he an 
adelic tube adapted to P. One has 

Pn-Pn=drg{TpX,\\-\\an- 



6 An algebraicity criterion for A-analytic curves 

Let K bo a number field, R its ring of integers, X a quasi-projective algebraic 
variety over K and let P a point in X{K). Let C Xp be a smooth formal 
curve that is A- analytic. 

For any place v of the formal curve C is isT^-analytic, and we may 
equip the K-\inc TpC with the canonical w-adic semi-norm || •||^''" = II '11x6 p 
constructed in Section 4.B. We claim that, equipped with these semi-norms, 
TpC defines a semi-normed i^T-line {TpC, ||-||'''*") with a well-defined Arakelov 
degree in ]— oo, +oo], in the sense of [13, 4.2]. Recall that it means that, for any 
(or equivalently, for some) non-zero element in TpC, the series log^||t||5*'" 
is convergent. To see this, consider a quasi-projective flat i?-scheme ^ with 
generic fibre X, together with a section ,0^ : Speci? .9^ which extends P. 
According to Lemma 4.5 (applied to projective compactifications of X and 
3^ , and an ample line bundle .if), the inequality 

\og\\t\\T i:-\ogS.s:AC), 

holds for almost all finite places v, where Ss^^y denotes the size of C with 
respect to the i?„ model .S('®Ry. Since by definition of A-analj^icity the series 
with non- negative terms log ^^^^(C)"-^ has a finite sum, this establishes 
the required convergence. 

The Arakelov degree of {TpC, ||-||'^™) is defined as the sum: 

d^g{TpC,\\-\rn :=E(-logll*lir')- 

V 

It is a well defined element in ]— oo,+oo], independent of the choice of t by 
the product formula (we follow the usual convention — logO = -|-oo.) 

The following criterion extends Theorem 4.2 of [13], where instead of 
canonical semi-norms, larger norms constructed by means of the sizes were 
used at finite places. 
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Theorem 6.1. Let C he, as above, an A-analytic curve through a rational 

point P in some algebraic variety X over K . 
Ifdeg{TpC, IHI^'^") > 0, then C is algebraic. 

Proof. Wc keep the above notation, and we assume, as we may, X (resp. JT) 
to be projective over K (resp. over R). We choose an ample hne bundle ^ 
over ^ and we let i := . 

We let ,^0 := r(jr,^®-°) and, for any embedding a : K C, we 
choose a consistent sequence of hermitian norms on the C-vector 

spaces ^D,<T — r{X^,Lf^), in a way compatible with complex conjugation. 
Using these norms, we define hermitian vector bundles d '■= {^d, (IMlD.cr)^) 
over Speci?. 

We also choose an hermitian structure on and we denote 

the so-defined hermitian line bundle over Spec R. Finally, we equip TpC with 
the i?-structure defined by Ngi>3t^ fl TpC and with an arbitrary hermitian 
structure, and in this way we define an hermitian line bundle Tq over Spec R 
such that (To)if = TpC. 

We define the if -vector spaces Ed ■= S'd,k — r{X,L'^^), their sub- 
spaces Ej-), and the evaluation maps 

ip]j: E}j ^ {T^Cf^Lfp^. 

as in the "local" situation considered in Section 4.B. According to the basic 
algebraicity criteria in [13, 2.2], to prove that C is algebraic, it suffices to 
prove that the ratio 

j:(i/D)umk(El-,/E'+') 

(6.2) 



E r:^nk{E],/E^+') 

i>0 



stays bounded when D goes to +oo. 

For any place v of K, the morphism has a w-adic norm, defined by 
means of the integral and hermitian structures introduced above. If (/j^ ^ 0, 
the height of ip'jj is the real number defined as the (finite) sum: 

M<PD) = 13iog|ki3lk- 

V 

When (f]^ vanishes, we define h{ip]^) = — oo; observe that, in this case, E'^^^ = 
Eh- 

As established in the proof of Lemma 4.5 above (see also [12, Lemma 3.3]), 
the following inequality holds for any finite place v, and any two non-negative 
integers i and D: 

log\\ipU\v<-ilogS^AQ- (6.3) 

Since C is A-analytic, the upper bounds (4.4) and (6.3) show the existence of 
some positive real number c such that 
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h{^ij)^c{i + D). (6.4) 
For any place v of K, we let 

Pv{L) = limsup i log||i^lj|U. 

This is an element in [—00, +oo[, which, according to (6.3), satisfies: 

p,{L) ^ -log5^,,(C) 

for any finite place v. Moreover, by its very definition, the Arakelov degree of 

{Tpd, 11-11'=^") is given by: 



deg(rpa,||.||— ) =^(-p„(L))+d^To 

V 

= {-^PviL) - log S^,,{C)) 



V finite 



V finite V | oo 

In the last expression, the terms of the first sum belong to [0, +00] — and 
the sum itself is therefore well-defined in [0, +00] — and the second sum is 
convergent by A-analyticity of C. 
Observe also that, since the sums 

(--AogyU\v + logSs:AC) 

V finite 

have non-negative terms, we get, as a special instance of Fatou's Lemma: 



V finite 



V liminf (-^log||(/jj3||„+log5^,^(C) 

^liminf V f--log||(^l5|U + log 5^,^(5) 



V finite 

Consequently 

limsup t/i(i^d) ^ YpvW: 

i/D—>oo * ^ 

and 

d^{TpC,\\-r^'^) ^ -limsup-h{^],)+d^To. (6.5) 

When deg(TpC, ||-||''™) is positive, the inequality (6.5) implies the existence 
of positive real numbers e and A such that, for any two positive integers i 
and D, 
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degTo - ^h{ip''^) ^ e ifi^XD. (6.6) 



Let (ffQ := db fl E}-, and let '^jj/S'i^^ bo the hermitian vector bundle on 
Spec J? defined by the quotient S'jj/S'^^ equipped with the hermitian struc- 
ture induced by the one of The evaluation map (p]j induces an injection 
Eiy/E'+^ ^ {T'^C)®' ® Lfjf. Actually, cither ip'^ = and then E}^ = E'+^ , 
or (/j^ ^ 0, and this inclusion is an isomorphism of iC-lines. In either case, we 
have: 

d^g^h/W = va.nk{Ei,/E'+') (d^(^^^'' ® T^') + Hip],)) . 

Indeed, if ip], = 0, both sides vanish (we follow the usual convention 0- (— cx)) = 
0). If if], 7^ 0, the equality is a straightforward consequence of the definitions 
of the Arakelov degree of an hermitian line bundle over Speci? and of the 
heights h{(p^j,). 

The above equality may also be written: 

d^^T^ = ^ank{Eij/E'+^) (^Dd^W^-id^To + h{ipij)) . (6.7) 

Moreover, by [12, Proposition 4.4], there is a constant c', such that for any 
D ^ and any saturated submodule ^ oi S'd, 



deg^r,/^ > -c'£)rank(#D/J?"). 

(This is an easy consequence of the fact that the ii'-algebra ©j)>q S'd,k is 
finitely generated.) Applied to := P|j>Q S'Jj, this estimate becomes: 



deg <ri,/#;+^ > -c'D re.nk{E],/E^+'). (6.8) 
Using (6.7) and (6.8), we derive the inequality: 



- {c' + d^^*^)Dj2^s.nk{E},/E'+^) 

< 5^rank(£;i5/£i+i)(-id^To + h{ipi,)). (6.9) 
Finally, using (6.9), (6.4), and (6.6), we obtain 
J2 rank(£i,/£;i+i)(-id^To-ci^)+ J2 re.nk{EyE'+')s^ 

i<XD i^XD 

^ (c' + d^^^) ^rank(£;i5/i;i+i). 

This implies that the ratio (6.2) is bounded by 

1 



X + - [c' + dcg + c + X max(0, c - deg Tq) j , 

and completes the proof. □ 
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7 Rationality criteria 

7. A Numerical equivalence and numerical effectivity on arithmetic 
surfaces 

The following results are variations on a classical theme in Arakelov geome- 
try of arithmetic surfaces. The first theorem characterizes numerically trivial 
Arakelov divisors with real coefficients. It is used in the next proposition to 
describe effective Arakelov divisors whose sum is numerically effective. We 
allow ourselves to use freely the notations of [11]. 

Theorem 7.1 (Compare [11, Theorem 5.5]). Let ^ be a norrriMl flat 
projective scheme over the ring of integers of a number field K whose generic 
fibre is a smooth and geomerically connected curve. Let {D, g) be any element 

in Z^(^) which is numerically trivial. Then there exist an integer n, real 
numbers Aj and rational functions fi € K{^)* , for 1 ^ i ^ n, and a family 
(cct)(7: k^c of real numbers such that c^^ = c^, J2^cr = 0, and {D,g) = 

(o,(c.))+Er=iAiM/o- 

Proof. There arc real numbers Aj and Arakelov divisors {Di,gi) G Z^(^) 
such that {D, g) = ^ K{Di, gi). We may assume that the Aj are linearly inde- 
pendent over Q. By assumption, the degree of D on any vertical component 
of ^ is zero; the linear independence of the A^ implies that the same holds 
for any Di. Let us then denote by gl any Green current for Di such that 
uj{Di,g[) = 0. One has 

= .g) - ^ A,cc;(A, ,9.) = ^ A,cc;(A, .g-), 

so that the difference <? — ^i9i harmonic, and therefore constant on any 
connected component of ^{C). By adding a locally constant function to 
some g,', we may assume that g = -^iS'i- Then, {D,g) = ^ \i{Di, g[). This 
shows that we may assume that one has a;(Dj, = for any i. By Faltings- 
Hriljac's formula, the Neron-Tate quadratic form on Pic°(^K) 55 R takes the 
value on the class of the real divisor ^ \i{Di)K. Since this quadratic form 
is positive definite (see [50, 3.8, p. 42]), this class is zero. Using that the A, are 
linearly independent over Q, we deduce that the class of each divisor {DijK 
in V\<P{^k) is torsion. Since Di has degree zero on any vertical component 
of and the Picard group of the ring of integers of K is finite, the class 
in Pic(^) of the divisor Di is torsion too. Let then choose positive integers rij 
and rational functions fi on .9^ such that div(/i) = UiDi. The Arakelov 
divisors div(/8) — ni{Di,gi) are of the form (0, c^), where Ci = {ci^cr)a: k^c is 
a family of real numbers such that Ci^-^ = Ci^^ and Ci^„ — 0. Then, letting 
Ccr = Sj(Ai/nj)cj,<^, one has 

(D,<?) = (0,(c,))+^^di;(/0 



as requested. 



□ 
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Let /i, . . . , /n be meromorphic functions on some Rieman surface M, and 
Ai. . . . , A„ real numbers, and let / G C(M)*(g)zR be defined as f — Yll^=i fi® 
Aj. We shall denote |/| the real function on M given by ni/il^S and by div/ 
the R-divisor ^ Aj div(/i); they don't depend on the decomposition of / as a 
sum of tensors. One has dd^log|/|^^ + (5div(/) = 0. 

We shall say that a pair {D, g) formed of a divisor D on M and of a Green 
current g with L\ regularity for D is effective^ if the divisor D is effective, and 
if the Green current g of degree for D may be represented by a nonnegative 
summable function (see [11, Definition 6.1]). 

Similarly, we say that an Arakelov divisor {D,g) G Z^{^) on the arith- 
metic surface ^ is effective if D is effective on ^ and if {Dc,g) is effective 
on ^(C). 

We say that an Arakelov divisor, or the class a of an Arakelov divisor, is nu- 
merically effective (or shortly, nef) if [(D, g)] • a ^ for any effective Arakelov 
divisor {D,g) e Z^{^) (according to [11, Lemma 6.6], it is sufficient to con- 
sider Arakelov divisors {D, g) with "^""-regularity) . If (£>, g) is an effective and 
numerically effective Arakelov divisor, then the current uj{g) := dd.'^ g + 6d is 
a positive measure (see [11, proof of Proposition 6.9]). 

Proposition 7.2. Let be a normal, flat projective scheme over the ring 
of integers of a number field K whose generic fibre is a smooth geometrically 
connected algebraic curve. 

Let {D,g) and {E,h) be non-zero elements o/Z^(i?r); let a and (i denote 
their classes in Cil^(^). Let us assume that the following conditions are 
satisfied: 

1) the Arakelov divisors {D, g) and {E, h) are effective; 

2) the supports of D and E do not meet and J^(^q) g* h = 0. 

If the class a + P is numerically effective, then there exist a positive real 
number X, an element f G K{^)* ®2. R and a family {ca)a: k^c of real 
numbers which is invariant by conjugation and satisfies J2a ^'^ ~ ^' ^'^^^ ^^^^ 
for any embedding a: K ^ C, 



where, for any real valued function ip, we denoted = max(0, ip) and = 
max(0, —(fi), so that (p+ — ip~ = (p. 
Moreover, = a/3 = fH'^ = 0. 

Proof. Since {D, g) and {E, h) are effective and non-zero, the classes a and j3 
are not equal to zero [11, Proposition 6.10]. Moreover, the assumptions of the 
proposition imply that 



g, = {c,+\og\f\-^)+ 



and /icr = A(co- -|-log|/| ^) , 




g * h = 0. 



6 



'in the terminology of [11], nonnegative 
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Since a + /3 is numerically effective, it follows from Lemma 6.11 of [11] (which 
in turn is an application of the Hodge index theorem in Arakelov geometry) 
that there exists A e R;^ such that (3 = Xa in CH^(^). In particular, a 
and (3 are nef, and = (3'^ = a ■ ^ = 0. 

Replacing {E,h) by {XE,\h), we may assume that A = 1. Then, (D — 
E,g — h) belongs to the kernel of the canonical map p: Z^(j?r) CII^(^), 
so is numerically trivial. By Theorem 7.1, there exist real numbers Ai, rational 
functions fi G K{^)* and a family c = {c^)a: k^c of real numbers, invariant 
by conjugation, such that J2a^'^ ~ ^ {D — E,g — h) = (0, c) +^ Aidiv(/i) 
in Zij^(Jr). Let us denote by / the element E/i ® of K{^)* ®z R- The 
proposition now follows by applying Lemma 7.3 below to the connected Rie- 
mann surface ^^(C), the pairs (D, go-), {E, ha-) and the "meromorphic func- 
tion" e~^'^'' f,sr^(c), for each embedding a: K ^ C. □ 

Lemma 7.3. Let M be a compact connected Riemann surface, let D and D' 
two nonzero ti-divisors on M , and let g and g' be two Green functions with L\ 
regularity for D and D' . We make the following assumptions: ID] n |D'| = 0, 
the pairs {D,g) and {D',g') are effective, the currents Lo{g) =dd^ g + (5£) and 
u>{g') = dd^ g' + Sn/ are positive measures, J]^ g * <?' = 0. // there exists an 
element f e C(M)*®R such that g-g' = log|/|~^, then g = max(0, log|/|~^) 
and g' = max(0, log|/p). 

Proof. First observe that 

uj{g)-oj{g') = dd'={g-g')+SD-5D' = dd'^logl/l-^+^ri-^z?' = So-D'-divif), 

by the Poincare-Lelong formula. By assumption, the current u){g) — uj{g') be- 
longs to the Sobolcv space L'^_i \ it is therefore non-atomic (see [11, Appendix, 
A.3.1]), so that D- D' = div(/) and uj{g) = u{g'). 

Observe also that .g|M\|_D| (resp. g'\M\\D\') ^ subharmonic current. In the 
sequel, we denote by g (resp. g') the unique subharmonic function on M C |-D| 
(resp. on M' C \D\') which represents this current. 

Let F be the set of points x E M where |/(a;)| = 1 and let (7 = 
M\F he its complementary subset. The functions h = max(0, log|/|~^) and 
h' = max(0, log|/|^) are continuous Green functions with regularity for D 
and D' respectively. The currents dd*^^' h + So, dd"^ h' + Sd' are equal to a com- 
mon positive measure, which we denote by v. Since h (resp. h') is harmonic 
on M \ (jL'l U F) (resp. on M \ (j^Dj' U F)), this measure is supported by F. 

Let S be the support of the positive measure uj{g). It follows from [11, 
Remark 6.5] that g and g' vanish Lo{g)-alniost everywhere on M. Consequently, 
the equality log|/|~^ = g — g' = holds ti;(£f)-almost everywhere; in particular, 
ScF. 

Let us pose u — h ~ g = h' — g'; this is a current with regularity 
on M and dd^u = dd'^/i — dd° g = v — oj{g)- In particular, dd°(u|f2) = 0: w 
is harmonic on Q. Since g is nonnegative, one has u ^ on F = Cl?. By the 
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maximum principle, this implies that m ^ on 17 (c/. [11, Theorem A. 6.1]; 
observe that u is finely continuous on M). 
Finally, one has 

0=/ 9*9'= h*h'— uv — i uu!{g) ^ / h*h'. 
Jm Jm Jm Jm Jm 

By [11, Corollary 6.4], this last term is nonncgativc, so that all terms of the 
formula vanish. In particular, J uv = 0, hence u = (v-a-.e.). Using again 
that u is harmonic on f], it follows that its Dirichlet norm vanishes, and 
finally that u = 0. □ 

Remark 7.4- The Green currents g and h appearing in the conclusion of Propo- 
sition 7.2 arc very particular. Assume for example that the Arakelov divisors D 
and E are defined using capacity theory at the place a, with respect to an open 
subset fia of Xrj. Then, g^ and vanish nearly everywhere on Cj?^- In other 
words, Ci7ct is contained in the set of a; G Xa- such that = exp(— Ccr), 

which is a real semi-algebraic curve in viewed as a real algebraic surface. 
In particular, it contradicts any of the following hypothesis on il^, respectively 
denoted {4.2)s:,n„ and (4.3)^,r3^ in [11]: 

1) the interior of ^(C) \ is not empty; 

2) there exists an open subset U of ^(^(C) \ |I>|(C) not contained in 
such that any harmonic function on U which vanishes nearly everywhere 
on U\f2 vanishes on U. 



7.B Rationality criteria for algebraic and analytic functions on 
curves over number fields 

Let K he a. number field and X be a smooth projective geometrically con- 
nected curve over K. For any place v of if , we denote by Xy the associated 
rigid analytic curve over Ky if v is ultrametric, resp. the corresponding Rie- 
mann surface Xo-(C) if v is induced by an embedding of K in C. 

Let D be an effective divisor in X and i7 = (J7t,)t, an adelic tube adapted 
to \D\. Wc choose a normal projective flat model of X over the ring of in- 
tegers of K, say JT, and an Arakelov Q-divisor Dq on ^ inducing the 
capacitary metrics 1 1 • j | at all places v ofK.ln particular, we assume that for 
any ultrametric place v, Qy is the tube ]Zy[ around a closed Zariski subset Zy 
of its special fibre ^f^, and Zy = Dd for almost all places v. 

Our first statement in this section is the following arithmetic analogue of 
Proposition 2.2. 

Proposition 7.5. Let X' be another geometrically connected smooth projec- 
tive curve over K and f: X' ^ X be a non constant morphism. Let D' be an 
effective divisor in X'. We make the following assumptions: 

1) by restriction, f defines an isomorphism from the subscheme D' of X' to 
the subscheme D of X and is etale in a neighbourhood of \D'\; 
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2) for anyplace v ofK, the morphism f admits an analytic section (fy-. Hy ^ 
X'y defined over f2y whose formal germ is equal to foKy! 

3) the class of the Arakelov Q-divisor Dq is numerically effective. 

Assume moreover 

4') either that Dq ■ Dq > 0; 

4") or that there is an archimedean place v such that the complementary subset 
to Qy in Xy is not contained in a real semi- algebraic curve of Xy. 

Then f is an isomorphism. 

Proof. Let us denote by E the divisor f*D on X'; we will prove that E = D' . 
Observe that, according to assumption 1), this divisor may be written 

E:= f*D = D' + R, 

where R denotes an effective or zero divisor on X, whose support is disjoint 
from the one of D'. 

Let denote the normalization of ^ in the function field of X' and 
let us still denote by / the natural map from to ^ which extends /. 
Then is a normal projective flat model of X' over ^k- For any place v 
of K, let n'y denote the prcimagc f~^{fly) of fly by /. The complementary 
subset of Qy is a nonempty affinoid subspace of Xy if v is ultrametric, and 
a non-polar compact subset of X'y if v is archimedean. Moreover, for almost 
all ultrametric places v, fl'y is the tube around the specialization in 
of f~^{D). In particular, the collection Q' = {Qy) is an adelic tube adapted 
to \E\. 

We thus may assume that the capacitary metrics on ^x' {D') and ^x' (E) 
relative to the open subsets Qy are induced by Arakelov Q-divisors on 
Let us denote them by D'^r and Eq/ respectively. 

Since X and X' arc normal, and the associated rigid analytic spaces as 
well, the image ipy(Qy) of Qy by the analytic section cpy is a closed and open 
subset Ql of Qy containing \D'\, and the collection Q^ = (Ql) is an adelic 
tube adapted to \D'\. Consequently, by Proposition 5.5, one has D'q' = D'qi. 
Similarly, denoting Qy = Q'y\ Q^, the collection Q^ = (Qy) is an adelic tube 
adapted to \R\ and Rn> = Rq^. One has Eqi = f*Dn = D' + Rq^. Since 
Qyf\Qy =$ for any place v, Lemma 7.6 below implies that [Rq^] ■ [D' qi\ = 0. 

Since D is non-zero and its class is numerically effective, the class in 
CHq(^') of the Arakelov divisor f*D = D + R is numerically effective too. 
Proposition 7.2 and Remark 7.4 show that, when either of the hypotheses (4') 
or (4") is satisfied, necessarily Rq^ = 0. In particular, R = and E = D'. It 
follows that / has degree one, hence is an isomorphism. □ 

Lemma 7.6. Let X be a geometrically connected smooth projective curve over 
a number field K , let Di and D2 be divisors on X and let Qi and Q2 be adelic 
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tubes adapted to \Di\ and \D2\. Let us consider a normal projective and flat 
model ofX over the ring of integers of K as well as Arakelov divisors Diq^ 
and inducing the capacitary metrics on &x{Di) and &x{D2) relative 

to the adelic tubes f2i and f22- 

If n i?2,i; = for any place v of K, then 

Din, -020,= 0. 

Proof. Observe that Di and D2 have no common component, since any 
point P common to Di and D2 would belong to Hi,^ n f^2,v 

Let ^ be a normal projective flat model of X adapted to ]7i and O2, 
so that the classes DiQ. live in CH^(=^). Namely DiQ_ = {^i,gi), where 

is the Q-divisor on ^ extending defined by Proposition 5.1 and gi = 
{gDi,Oi „) is the family of capacitary Green currents at archimedean places. 
The vertical components of ^1 and ^2 lying over any finite place v arc distinct 
the one from the other, since J?i^„ fl J?2,j, = 0. Consequently, the geometric 
part of the Arakelov intersection product is zero. In view of [11, Lemma 5.1], 
the contribution of any archimedean place v is zero too, since i?!,^ and r?2,u 
are disjoint. This concludes the proof. □ 

The following proposition makes more explicit the numerical effectivity 
hypothesis in Proposition 7.5. 

Proposition 7.7. Let X, Q, D, ^ , Dq be as in the beginning of this Sub- 
section. 

a) // D is effective, then The Arakelov divisor Dn on attached to the 
effective divisor D and to the adelic tube f2, is effective. 

b) Write D = Y^iUiPi, for some closed points Pi of X and positive inte- 
gers Ui. Then Dq is numerically effective if and only if hg^{Pi) > for 
each i. 

c) If D is a rational point P, then Dq is numerically effective (resp. 
Dq.Dq > 0) if and only if the Arakelov degree deg{TpX, is non- 
negative (resp. positive). 

Proof, a,) Let \is assume that D is an effective divisor. For each archimedean 
place V of K, the capacitary Green function gD,n„ is therefore nonnegative 
([11, 3.1.4]). Moreover, we have proved in Proposition 5.1 that the Q-divisor ^ 
in Zq{^) is effective. These two facts together imply that Dq is an eff'ective 
Arakelov divisor. 

b) For any archimedean place v, the definition of the archimedean capac- 
itary Green c;urrcnts involved in Dq implies that uj{Dq^,) is a positive mea- 
sure on Xy, zero near \D\ [11, Theorem 3.1, (iii)]. By [11, Proposition 6.9], 
in order to Dq being numerically effective, it is necessary and sufficient that 
kg {E) ^ for any irreducible component E of ^. This holds by construction 



Analytic curves in algebraic varieties over number fields 



47 



if is a vertical component of X: according to the conditions of Proposi- 
tion 5.1, on has Qi -V = {] for any vertical component Y of the support of 
for any other vertical component one has ^ - ^ > because the divisor Dq 
is effective. Consequently, Dq is nef if and only if hQ^{Pi) ^ for all i. 
c) This follows from b) and from the equality (Corollary 5.20) 

hQ^P) = Dn.Dn = d^(TpX, Hr^^). 

□ 

Theorem 7.8. Let X be a geometrically connected smooth projective curve 
over K, P is a rational point in X{K), and Q := {Ov) an adelic tube adapted 
to P. 

Let ip e ^x,p be any formal function around P satisfying the following 
assumptions: 

1) for any v G F, ip extends to an analytic meromorphic function on 

2) ip is algebraic over £^x,p! 

3) d^(rpX,||.||-p)^o. ' 

// equality holds in the last inequality, assume moreover that there is an 
archimedean place v of F such that Xy \ Qy is not contained in a real semi- 
algebraic curve of Xy. 

Then ip is the form,al germ at P of a rational function in K{X). 

Proof. Let X' be the normalization of X in the field extension of K{X) gen- 
erated by </5. This is a geometrically connected smooth projective curve over 
K, which may be identified with the normalization of the Zariski closure Z in 
X X of the graph of (p. It is endowed with a finite morphism / : X' — > X , 
namely the composite morphism X' — > Z ^ X. Moreover the formal func- 
tion ip may be identified with the composition of the formal section a of / at P 
that lifts the formal section (Idx ,ip) oi Z ^ X and of the rational function 
(p in the local ring Gx' ,g{P) defined as the composition X' — > Z ^ P|f. 

To show that ip is the germ at P of a rational function, we want to show 
that / is an isomorphism. 

For any place f , i7„ is a smooth analytic curve in X^^ and u extends to 
an analytic section cr„ : i7„ — > X'^ of /. Indeed, according to 1), the formal 
morphism (Idx, <p) extends to an analytic section of Z ^ X over i7„, which 
in turn lifts to an analytic section of / by normality. 

By Corollary 5.20, the Arakelov Q-divisor Pq attached to the point P and 
the adelic tube f2 is nef. When deg(TpX, H-jlJ^'') positive, Proposition 7.5 
implies that / is an isomorphism, hence (p is the formal germ to a rational 
function on X. This still holds when deg(TpX, ||-||^'') = 0, thanks to the 
supplementary assumption at archimedean places in that case. □ 

As an example, this theorem applies when X is the projective line, P is 
the origin and when, for each place v in F, fiy is the disk of center and of 
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radius Ry € \/\K*\ in the afBne Une. Then (i?^) is an adeUc tube adapted 
to P iff almost every Ry equals 1, and deg{TpX, ||-||^'') is non-negative iff 

-Rij ^ 1- In this special case, Theorem 7.8 becomes Harbater's rationality 
criterion ([30, Proposition 2.1]). 

Actually Harbater's result is stated without the assumption i?„ G y/\K*\ 
on the non-archimedean radii. The reader will easily check that his rationality 
criterion may be derived in full generality from Theorem 7.8, by shrinking 
the disks f2y for v non archimedean, and replacing them by larger simply 
connected domains for v archimedean. 

When deg{TpX, IHI^^'') — 0, some hypothesis on the sets Xy \ Hy is really 
necessary for a rationality criterion to hold. As an example, let us consider 
the Taylor series of the algebraic function ip{x) = — 4x — 1, viewed as a 

formal function aroung the origin of the projective line Pq. As shown by the 
explicit expansion 



VI -4a; 



- 1 



n=l ^ ' n=l ^ ' 



the coefficients of this series are rational integers. Moreover, the comple- 
mentary subset [2 of the real interval [1/4, oo] in P'^(C) is a simply con- 
nected open Riemann surface on which the algebraic function has no ram- 
ification. Consequently, there is a meromorphic function (poo on i? such 
that (fooix) (1 — 4:x)~^^'^ — 1 around 0. One has capQ(j7) 1, hence 
deg(ToP^, IHI^'')) = 0. However, is obviously not a rational function. 

By combining the algebraicity criterion of Theorem 6.1 and the previous 
corollary, we deduce the following result, a generalization to curves of any 
genus of Borel-Dwork's criterion. 

Theorem 7.9. Let X be a geometrically connected smooth projective curve 
over K, P is a rational point in X{K), and Q := {fly) an adelic tube adapted 
to P. 

Let ip e ^x,p be any formal function around P satisfying the following 
assumptions: 

1) for any v G F, ip extends to an analytic meromorphic function on 

2) the formal graph of (p in X x Ai(p_y(p)) is A-analytic. 

If moreover deg{TpX, ||-||^^) > 0, thenip is the formal germ at P of a rational 
function on X (in other words, ip belongs to ^x,p)- 

Proof. In view of Corollary 7.8, it suffices to prove prove that is alge- 
braic. Let V ~ X X and let C C V(p.(^(p)) be the formal graph of 

We need to prove that C is algebraic. Indeed, since at each place v of 
the canonical u-adic semi-norms on TpC is smaller than the capacitary one, 
deg(TpX, ^ deg(TpX, ||-||Jj^p) > 0. By Theorem 6.1, C is then alge- 

braic, and (p is algebraic over K{X). □ 
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Observe that, when condition 1) is satisfied in Theorem 7.9, the A- 
analyticity condition 2) is implied by the following one: 

2') there exist a positive integer N and a smooth model ^ of X over 
Spec ffK[^/N\ such that P extends to an integral point ^ in {0' / N]) , 
and if extends to a regular formal function on the formal completion . 

This follows from Proposition 3.8, since then the formal graph of <^ extends 
to a smooth formal curve in x over Spec ^i<-[l/A'']. 

Example 7.10. Theorem 7.9 may be applied when X is P|f , P is the origin 

in A^{K) ^ 'P^{K), and when, for each place v, i7„ C Fv is a disk of center 
and of positive radius Ry in the affine line, provided these radii are almost 
all equal to 1 and satisfy Y\Rv > 1. In this case, the rationality of any ip in 
^x,p — ^''^[[^]] under the assumptions 1) and 2') is precisely Borel-Dwork's 
rationality criterion ([6, 22]). 

More generally, the expression of capacitary norms in terms of transfinite 
diameters and a straightforward approximation argument^ allows one to re- 
cover the criterion of Polya-Bertrandias ([43, 1]) from our Theorem 7.9 with 



Appendix 

A Metrics on line bundles 

Let K he a. field which is complete with respect to the topology defined by 
a discrete absolute value |-| on K. Let R be its valuation ring and tt be an 
uniformizing element of R. We denote hy v = log|-|/log|7r| the corresponding 
normalized valuation on K. 

Let X be an algebraic variety over K and let L be a line bundle on X. In 
this appendix, we precise basic facts concerning the definition of a metric on 
the fibres of L. 

Let K be an algebraic closure of K; endow it with the unique absolute 
value which extends the given one on K. It might not be complete, however 
its completion, denoted C, is a complete field containing if as a dense subset 
on which the absolute value extends uniquely, endowing it with the structure 
of a complete valued field. 

A metric on the fibres of L is the data, for any x G X{C), of a norm on 
the one-dimensional C-vector space L{x). Namely, ||-|| is a map L{x) R+ 
satisfying the following properties: 

• ||si + S2II < max(||si||, ||s2||) for all si, S2 e L{x) ; 

• \\as\\ = \a\\\s\\ for all a e C and s G L{x); 



^using the fact that bounded subsets of Cp are contained in affinoids (actually, 
lemniscates) with arbitrarily close transfinite diameters. 
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• ||.sH = implies s = 0. 

We also assume that these norms are stable under the natural action of the 
Galois group Ga\{C /K), namely that for any x G X{C), s G L{x) and a G 
Gal(C/K), \\a{s)\\ = \\s\\. 

We say a metric is continuous if for any open subset U C X (for the 
Zariski topology) and any section s G r{U.L), the function x 
on U (C) is continuous. This definition corresponds to that classical notion of 
a Weil function attached to a Cartier divisor on X and will be sufficient for 
our purposes; a better one would be to impose that this function extends to 
a continuous function on the analytic space attached to U by Berkovich [4]; 
see e.g. [29] for this point of view. 

Assume that X is projective and let <!?^ be any projective and flat i?-sclicme 
with generic fibre X, together with a line bundle .5f on =^ extending L. Let 
X e X{C); if denotes the valuation ring of C, there is a unique morphism 
Ex'. SpecC" — ^ by which the generic point of SpecC" maps to x. Then, 
is a sub-C°-module of L(x). For any section s G L{x), there exists a € C° 
such that as G eJJSf. Define, for any s G L{x), 

\\s\\ = inf{|ari , as G a G C \ {0}}. 

This is a continuous metric on the fibres of L, which we call an algebraic 
metric. 

Algebraic metrics are in fact the only metrics that we use in this article, 
where the language of metrics is just a convenient way of comparing various 
extensions of X and L over R. In that respect, we make the following two 
remarks: 

1) Let Y be another projective algebraic variety over K and let / : Y ^ X 
be a morphism. Let (L, be a metrized line bundle on X. Then, the 
line bundle f*L on Y admits a metric |H|/*l, defined by the formula 

= where y G Y{C) and s is a section of L in a 

neighbourhood of f{y). Assume that the metric of L is algebraic, defined by 
a model (^, .if ). Let ^ be any projective flat model of Y over R such that / 
extends to a morphism ^ — > Then, the metric |H|/*i, is algebraic, 
defined by the pair ip*^). 

2) Let ^ he a projective and flat model of X on i? and let J5f and J(" 
be two line bundles on ^ which induce the same (algebraic) metric on L. If 
^ is normal then the identity map .Sfx = on the generic fibre extends 
uniquely to an isomorphism ^ ~ jSf' . 

B Background on rigid cinalytic geometry 

The results of this appendix are basic facts of rigid analytic geometry: the first 

one is a version of the maximum principle, while the second proposition states 
that the complementary subsets to an affinoid subspace in a rigid analytic 
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space has a canonical structure of a rigid space. They are well known to 
specialists but. having been unable to find a convenient reference, we decided 
to write them here. 

Let K he a, field, endowed with a ultrametric absolute value for which it 
is complete. 

Proposition B.l. Let C be a smooth projective connected curve over K , let 
f £ K{C) be a non constant rational function and let X denote the Weier- 
strass domain C{f) = {x € X \ \f{x)\ ^ 1} in X. Then, any affinoid func- 
tion g on X is bounded; moreover, there exists x G U such that 

\g{x)\ = sup\g\ and \f{x)\ = 1. 

X 

The fact that g is bounded and attains it maximum is the classical maxi- 
mum principle; we just want to assure that the maximum is attained on the 
"boundary" of U. 

Proof. The analytic map /: ^pi^an induced by / is finite hence re- 

stricts to a finite map fx ■ X — > B of rigid analytic spaces, where B = Sp K{t) 
is the unit ball. It corresponds to fx a morphism of affinoid algebras K{t) ^ 
&{X) which makes ff{X) a K {t)-m.oAvi\e of finite type. Let g £ &{X) be 
an analytic function. Then g is integral over K{t), hence there is a smallest 
positive integer n, as well as analytic functions Oi £ K{t), for 1 ^ i ^ n, such 
that 

gixr + ai(/(x)).g(a;)"-i + • • • + a„(/(a;)) = 
for any x€ X. Then, (see [7, p. 239, Proposition 6.2.2/4]) 

sup|5(a;)| = max \ai{t)\^^^. 

xeX l^i^n 

The usual proof of the maximum principle on B shows that there is for each 
integer i e {l,...,n} a point ti £ 'B satisfying \ti\ = 1 and |ai(tj)| = ||aj||. 
(After having reduced to the case where ||a,|| = 1, it suffices to lift any non- 
zero element of the residue field at which the reduced polynomial ti does not 
vanish.) Consequently, there is therefore a point f e B such that \t\ = 1 and 

max|ai(t)|^/' = max||aj||^/'. 

i i 

Applying Proposition 3.2.1/2, p. 129, of [7] to the polynomial Y"+ai{t)Y"'-^ + 
\-o,n{t), there is a point y S and \y\ = maxi||aj||^/'. Since the morphism 

K{t)[g] C &{X) is integral, there is a point x E X such that f{x) = t and 
g{x) = y. For such a point, one has |/(a:;)| — 1 and |(7|(a;) = ||g||. □ 

Proposition B.2. Let X be a rigid analytic variety over K and let A C X 
be the union of finitely many affinoid subsets. 

Then X\A, endowed with the induced G-topology, is a rigid analytic va- 
riety. 
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Proof. By [7, p. 357, Proposition 9.3.1/5], and the remark which follows that 
proposition, it suffices to prove that X \ ^ is an admissible open subset. 

Let {Xi) be an admissible affinoid covering of X; then, for each i, Ai = 
AdXi is a finite union of affinoid subsets of Xj. Assume that the Proposition 
holds when X is affinoid; then, each Xi\Ai is an admissible open subset of Xi, 
hence of X. Then X\A = [J^{Xi \Ai) is an admissible open subset of X, by 
the property (Gi) satisfied by the G- topology of rigid analytic varieties. 

Wc thus may assume that X is an affinoid variety. By Gcrritzcn-Graucrt's 
theorem ([7, p. 309, Corollary 7.3.5/3]), A is a finite union of rational 
subdomains (^i)i^i^TO in X. For each i, let us consider affinoid functions 
I • • • ) fi,ni ,9i) on X generating the unit ideal such that 



Ai = X 



fi,l fi.rii 

9i' "' 9i 



We have 



= |a;eX; \ fi,i{x)\ < \gi{x)\, . . . ,\fi,ni{x)\ < IffiWlj- 

m m rii ^ -v 

X\A=f]{X\A) = f][jlxeX; \f,jix)\ > \giix)\ . 

i=l i=lj=l ^ J 

Since any finite intersection of admissible open subsets is itself admissible 
open, it suffices to treat the case where m = 1, i.e., when A is a rational 
subdomain X{fi, . . . , fn] g) of X, which we now assume. 

By assumption, /i, ...,/„, (/ have no common zero. By the maximum prin- 
ciple [7, p. 307, Lemma 7.3.4/7], there is ^ e ^jii"*] such that for any x G X, 

max(l/i(x)l, . . . , l/„(x)l, \gix)\) > S. 



For any a e vT^^ with a > 1, and any j € {1, . . . , n}, define 

= X (^sj-,a-'j-^ =!^xGX;5^ \fj{x)\, a\g{x)\ ^ \fj{x) 

This is a rational domain in X. For any x € Xj,a, one has fj{x) ^ 0, and 
\g{x)\ < \fj{x)\, hence x € X \ A. Conversely, if a; € X \ A, there exists 
j e {l,...,n} such that m ax(l/ i(a:)l, . . . , \g{x)\) = \fjix)\ > \g{x)\; it 

follows that there is a € y^X*], a > 1, such that x G Xj,a. This shows that 
the affinoid domains Xj^a of AT, for 1 ^ j ^ n and a G y'jiC*], a > 1, form 
a covering of X \ A. Let us show that this covering is admissible. Let Y be 
an affinoid space and let 95 : y — > X be an affinoid map such that ip(Y) C 
X\A. By [7, p. 342, Proposition 9.1.4/2], we need to show that the covering 
{ip~^{Xj „^)j^a ofY has a (finite) affinoid covering which refines it. For that, it 
is sufficient to prove that there are real numbers ai, . . . , a„ in ■^/\K*\, greater 
than 1, such that <f{Y) C Uj=i ^j,aj • 
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For j e {1, . . . , n}, define an affinoid subspace Yj of Y by 

Yj = l^yeY; \Mv{y))\ < \fj{v{y))\ for 1 < i < n|. 

One has Y = U"=i Yj . Fix some j e {!,..., n}. Since ip{Yj) C X\A, \g{x)\ < 
\fj{x)\ on Yj. It follows that fj o (p does not vanish on Yj, hence g o <fi/ fj o <p 
is an affinoid function on Yj such that 



iy) 



< 1 



for any y G Yj. By the maximum principle, there is aj € -^/jif*! such that 



aj > 1 and 



g°v 



< ^ on y^-. One then has f{Y) C U?=i^j,aj ) which 



concludes the proof of the proposition. 



□ 
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